Size of Coefficients of Lexicographical Grobner Bases

[The zero-dimensional, radical and bivariate case]
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ABSTRACT

This work is limited to the zero-dimensional, radical, and bi-
variate case. A lexicographical Grébner basis can be simply
viewed as Lagrange interpolation polynomials. In the same
way the Chinese remaindering theorem generalizes Lagrange
interpolation, we show how a triangular decomposition is
linked to a specific Grobner basis (not the reduced one). A
bound on the size of the coefficients of this specific Grobner
basis is proved using height theory, then a bound is deduced
for the reduced Grobner basis. Besides, the link revealed be-
tween the Grobner basis and the triangular decomposition
gives straightforwardly a numerical estimate to help finding
a lucky prime in the context of modular methods.

Categories and Subject Descriptors

1.1.2 [Computing Methodologies]: Symbolic and Alge-
braic Manipulation—Algebraic Algorithms

General Terms
Algorithms, Theory

Keywords

Grobner bases, Triangular sets, Space complexity

1. INTRODUCTION

In greatest generality, the problem of bounding the size of
coefficients over the rational field is stated as follows:
“Given input polynomials F' = F1, ..., F} over Q, verifying
an hypothesis (H), with n variables, deg(F;) < d, and with
(P) size of coefficients bounded by h, find a bound B(n,d, h)
on the size of coefficients of a Grébner basis G(F) of F”

We will exclusively be interested in lexicographical orders.
While the coefficients swell is a long-time observed phenom-
ena, no such bounds were known before [6]. Therein, they
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answer (P) in a very specific case: It concerns only triangular
sets, somehow the simplest lexicographical Grobner bases.
They are illustrated hereunder for the order X; < --- < X,,.

Tn(XlaXQ,---,Xn—l,Xn) = X%n 4.
Tnfl(Xl,...,anl) = Xnizl + ...
(1) |
Tl(Xl) = Xfl + ...

We obtained that B(n, d, h) is dominated by a term in 2nhd>"
for (T). Even in staying in the zero-dimensional radical
case, for more general Grobner bases than (7') no bounds
are known for the size of the coefficients. This work is a first
step toward filling this gap, by exploring bivariate polyno-
mial systems: Equations (2) and (3) provide estimates on
B(2,d,h). The technicality involved to get sharp bounds
motivated to treat first this easier case. How to extend the
strategy to multivariate systems is discussed in Conclusion.

Complexity measuring tools. As aforementionned, the
hypothesis (H) we are making here is that n = 2, F' generates
a zero-dimensional and radical ideal. The size of coefficients
will be measured using elementary height theory, coming
from Diophantine approximation theory.

DEFINITION 1. For a and b relatively prime integers, the
height of x := a/b is defined as h(x) := log max{|a|oc, |b|oo }-

For P € Q[X1,...,Xx], let ¢ be the lcm of the denomi-
nators of the coefficients of P, so that cP € Z[X1,...,Xn].
The height of the polynomial P, is defined as:

h(P) := logmax({|c|ec } U {|coeff. of cP|s}).

More details are given in § 4.1, but this shows that the height
is a relevant measure for the size of coeflicients.

The previous approach in [6] that has been successful to
get sharp bounds is to relate the polynomials of the Grobner
basis not directly to the input system F', but rather to the
variety that it described. This leads to bounds involving in-
trinsic quantities like the degree of a variety. Our result also
involves the height of a variety (defined in Equation (9)),
that has not as a simple interpretation as in Definition 1.
Roughly, as the degree deg(V) measures the complexity of
the geometry of a variety V, the height A(V) measures the
arithmetic complexity of its points. Several definitions ex-
ist, we will use Philippon’s approach [12], and will follow in
§ 4.1 the accessible and successful framework provided in [8].
Such bounds involving the degree and the height of a variety
benefit of Bézout inequalities.



BEZOUT INEQUALITES. ([8] p.26) Let V C Af be the Zariski
set defined by the t polynomials in F. If t > n then:

deg(V) <d" and h(V)< nd"fl(h + 2dlog(n + 1)).

This permits to answer Problem (P) involving the numbers
n, d, h, by only establishing intrinsic estimates. Equation (1)
is such a bound.

Outline of the article. In all the following, we will fix
the lexicographical order X < Y on monomials of the bi-
variate polynomial ring Q[X,Y]. All Grobner bases will be
implicitly defined for this order, and minimal (which implies
monic). Under our hypothesis (H) made, the set of solutions
in A% will be finite, and simple (no multiplicity).

The study of lexicographical Grébner bases implies non-
generic situations: if the points are in general position (say,
randomly chosen), almost always X is a separating variable,
and the bases verify the shape lemma. The number of vari-
ables being fixed here, an important parameter will be the
number of polynomials s appearing in the Grobner bases (it
is an invariant among minimal bases). The case of trian-
gular sets (T) corresponds to s = n (= 2 in this work), and
here we will focus on the case s > n. The Grobner basis can
be decomposed (or “factorized”) into several triangular sets
(Algo. 1) forming the so-called equiprojectable decomposition
introduced in [5]. The reciprocal algorithm, seen as a Chi-
nese remaindering map (Algo. 2) does not compute the re-
duced Grobner basis. This specific Grébner basis appears to
have smaller coefficients, certainly the smallest coefficients
among all minimal bases, according to its construction from
elementary pieces. We will first study bounds on this Grob-
ner basis, and deduced ones for the reduced Grobner basis,
through linear algebra (Algo. 3) where the linear equations
are given by monomial cancellations.

Section 2 sets main definitions and states the main re-
sults, Section 3 establishes a Chinese remaindering map for
Grobner bases under considerations, and explores a direct
consequence to the choice of “lucky prime” in the context of
modular computations (following Arnold [1]). Section 4 con-
cerns the technical proofs of the height bounds, after defining
(very briefly) the necessary notions from height theory.

2. STATEMENT OF THE MAIN RESULTS

We define first the concepts involved in our main results,
and refer to Section 4 for the proofs.

Equiprojectable decomposition. This decomposition was
introduced in [5] to set up efficient modular computations of
triangular decompositions of polynomial systems. In fact, it
is well-suited under specialization modulo a prime p, while
for example the irreducible decomposition is limited for this
purpose due to the restriction implied by the Chebotarev
density theorem. We briefly recall the definition, over any
perfect field k.

For ¢ = 1 or 2, let m; : A% — Allw (z1,22) — z;. For
any a € 71(V), let Fibs be the fiber of V' over « equal to
a7 ({a}) NV, and let fiby(Y) := [serin, ¥ — m(8). A
finite family of points V' C A% is equiprojectable if the
following two conditions are satisfied:

(i) #Fiby = #Fibg, Va, 8 € mi (V).
(if) V is Zariski closed over k: it is the solutions over A}
of a system of polynomials with coefficients in k.

Let now V be any finite family of points in A%. We con-
sider the following combinatorial decomposition of V. Let
¢ V=N, a #Fib;, (o). Then, the subsets V(i),i € N
of V defined by V(i) := ¢ *({i}) are almost all empty.
Those who are not form a disjoint union of V. By con-
struction they verify (i). If they verify also (ii), then it
is called the equiprojectable decomposition of V. The
non-empty V(i) are called the equiprojectable compo-
nents of V.

Let V; == ¢ '({e;}), = 1,...,s are the equiprojectable

components of a variety V, and let d; := #m1(V;). We say
that Vj is of size (d;, e;) (note that #V; := dje;). In all the
following, we will put an order < equiprojectable varieties:
Vi < V; if and only if e; < e;.
Main results. We assume that we are given the zero-
dimensional variety V', set of solutions in A7 of a polyno-
mial system F = Fi,...,F; in Q[X,Y], that generates a
radical ideal. We consider the equiprojectable decomposi-
tion Vi < -+ < Vi of V, with V; of size (d;,e;). For any
1 < ¢ < s, let furthermore V<, := Vi U ... U V,, while
Vae = Vg1 U UV, and d<¢ be the sum di + -+ + dy,
while d~¢ := dgy1+- -+ ds. In Algorithm 2 is defined a spe-
cial non-reduced minimal Grébner basis of (F') obtained by a
Chinese remaindering map from the triangular sets defining
each equiprojectable components V;. Let G = {g1,...,9s+1}
be this basis, ordered such that lt(g;) | lt(g;) for ¢ < j.
For each element g; € G, let p;(X) be the coefficient of the
highest power of Y of ¢;(X,Y); it is actually a factor of g;
(Corollary 1). The polynomial g;/p; with leading term a
pure power in Y is denoted ;.

THEOREM 1. With the notations above, let By := e, log 2+
(3d2SZ — 5d§[ -+ 8) log dge, and A; := (1/61')(2di 10g2 + (61' +
1)logd;). Define also Ret1 as the quantity equal to

ice -3 (Y, M50 )+ iz - (]

and Gey1 equal to Rey1 + logd< + logds.. We have:
h(res1) < h(V<e) + Repr and  h(ge1) < (V) + Gegr.

Ai) + B,

With this level of precision, we can observe that the domi-
nant quantities are d%l log d<; and d<¢h(V<,), that are bal-
anced by the integers e; at the denominators. But to solve
Problem (P) we need a formula with “global” quantities.

Let D, := deg(V<¢) = #V</ be the degree of V<. Using
d<¢ < Dy, e; > ¢, comes on one hand, Zle %_L < Dy as well
as Zle logd; < £log Dy, and on the other hand, with the
convexity of — log: ¢ (logdi)/e; < log(De). While
more precise bounds depending on £ can be obtained, ¢ is
not known a priori, hence these bounds would be of limited
interest. Using Dy, > £(£—1)/2, comes £ < Ty Aehe VI;SDZ = Ay,
yielding the following estimate for Zf:1 A

2(10g 2)D4 + (f + 1) log D, < 2(10g 2)D4 + (A[ + 1) log Dy.
As for By, the following can be easily obtained:
B¢ < Dylog2 + 3(D; + 1) log Dy.

The above and Theorem 1 shows that h(ge+1) is lower than:

3
h(V) + De¢h(V<r) + D7 (4(log 2) + 3log D¢) + O(D? log Dy)
(1)



This quantity can be seen as quadratic in the natural intrin-
sic data of the problem: its height and its degree. Moreover
the Bézout inequalities, permits to answer Problem (P):

h(gey1) < 4hd® + 6d*(logd + 2) + O(d®logd).  (2)

The size of the coefficients of the reduced Grébner basis
G’ is larger, its estimate is deduced from the bound on G,
and an additional quantity induced by some linear algebra.
The family r5,...,7.,, denotes the similar polynomials for
G’ that are the r; for G defined above.

THEOREM 2. Let Dy be the “complementary degree” of Vi
equal to d<¢e¢ — Dy, and Ge4q be as in Theorem 1. We have:

h(r2+1) < 23gh(r4+1) + E[ log Ez + h(?”gﬂ)
h(ges1) < 2Deh(resr) + Delog Do+ h(V) 4 Gepa

The quantity D[ can vary a lot depending on the data.
While D, < D7 is always true, in the median case, it is
only in the order of D, . In one case like another, the domi-
nant term in the bound for h(gp,,) is 254h(rg+1), yielding a
cubic behavior on the median case with respect to the height
or the degree of the variety. We use the previous computa-
tions for bounding h(r¢11) and the Bézout inequalities, to
get in the median case (i.e. when Dy = Dy):

h(gii1) < 8hd® +12d°(logd + 2) + O(d” logd).  (3)

Giving a worst-case bound is possible (around 8hd”+12d% . ..)
but is probably overestimated: for a small degree D, and a
large complementary degree Dy, the linear system to solve
that induces this overgrowth, is more structured and the
bound from Lemma 1 not sharp for this instance.

Previous work. This work constitutes a following of the
articles [6, 5]. Concerning the structure, the results of § 3.2
are already stated in Lazard structural theorem [9], but our
formulation a la Lagrange is necessary. The Chinese remain-
dering map established in Algorithm 2 and the importance
of polynomials g.,, in Equation (6) and Algorithm 3 looks
certainly new.

Concerning modular computations for Grobner bases, Ar-
nold found criteria to study lucky primes (for more general
Grébner bases than in this work), leading to Hilbert lucki-
ness [1] for example. However this does not give indication
to pick up such a prime a priori. The bound of Corollary 2
can provide such indications.

As for the bounds of coefficients, apart from the triangular
case [6], we are not aware of previous work.

3. ON THE STRUCTURE

Some features in this section seem already known (The-
orem 3, Algo. 1), other features like Algorithms 2, 3 seem
new.

We will use the following notations: for a bivariate polyno-
mial f(X,Y) =3, pene FapX2Y?, coeff(f, X*Y?®) denotes
the coefficient f,p, and coeffx (f,Y?) denotes the univariate
polynomial equal to ), finX* (while coeff(f, Y?) is simply
the coeflicient fop).

3.1 Lagrange bases

For any finite subfamily A of Q, Zariski closed over Q,
let fo,a(X) be the the polynomial J[5c . (n; )ofT_g The
family {€o,4, a € A} is a basis of Q[X]|<xa. If f(X,Y)isa

bivariate function from @2 to Q, the Lagrange interpolation
polynomial Pj; of f associated to the nodes A is:

3o F@ ) aa(X)

In particular, if f is a bivariate polynomial with deg (f) <
#A, then P = f. If we take f(X,)Y) =YY" we get

ya
Pl (X,)Y)=Y"= ZQGA Y o a(X),
and by linearity, for any bivariate polynomial f,

Z coeffx (f(a, Y),Y*)a a(X). (4)

acA

PI(X,Y) =

coeff x (P],Y%)

Let V be an equiprojectable variety definable over Q, of size
(a,b) and let A := 71 (V). Let Th(X) :=1]] X — o and

To(X,Y) := ZaeA

This yields the reduced Grébner basis of I(V). In fact, first,
Ts vanishes and V, is reduced modulo T3. Second, since
deg(V) = ab, this implies that dimg Q[X,Y]/I(V) = ab,
which is equal to dimg Q[X, Y]/{1t(T1),1t(7%)).

Let us show that any minimal Grébner basis {gi, g2} of
I(V) verifies It(g1) = X and 1t(g2) = Y°. First the elimina-
tion property imposes that 1t(g1) = X®. Next by definition,
any minimal Grobner basis of 1(V) verifies

dimg Q[X, Y]/ (1t(g1), 1t(g2)) = ab.

Since V is finite, 1t(g2) is a pure power of Y, so lt(g2) = Y°.

This also proves that T has its coefficients in Q. For-
mula (5) is generalized to the case of several variables [6,
Prop. 2]. Such a simple Grobner basis is a special case of
triangular set, and often named a Lazard triangular set [2].

3.2 Main result

acA

fibe (Y )la,a(X). (5)

THEOREM 3. Let Vi < Vo < -+ < V, be the equipro-
jectable decomposition of a finite Zariski set V, closed over
Q. Let (ds,e;) be the size of Vi. Then there are s + 1 ele-
ments {g1,92,...,9s+1} in any minimal Grobner basis G of
I(V), verifying for 2 <i < s:

It(g1) = X< | It(g;) = XUt Hdayeim

y 1t(gst1) =Y.

Moreover, the polynomial ps(X) = [],cx, (v.) X —a divides
9i(X,Y) for 1 <i<s, and the family

’ gS/p5}7
U Vi),

G={g1/ps » 92/ps ;...
is a minimal Grébner basis of I(V1 U

PrOOF. By induction on s. For s = 1, the statements are
contained in § 3.1. Assume that the theorem is true for any
variety admitting an equiprojectable decomposition of s — 1
components, and let us prove it for those who admit s.

First, let us show that lt(gs+1) = Y. Since V is finite,
1t(gs+1) is a pure power of Y, say Y for an a > 0. No other
lower elements g; are pure power of Y, else contradicts the
minimality of G. Define the Lagrange polynomial:

Z > fiba(

J=1 aeni(Vj)

ren(X,Y) Y)Y vy (X)),

From Property (i) of equiprojectable varieties, for o € 71 (V})
the polynomials fib,(Y) above have degree e;, hence



fiba (Y)Y ™% have degree e;. From Formula (4), it fol-
lows that lt(rs+1) = Y®. Then the family of polynomials
Ji,--.,9s,Ts+1 vanishes on V', is lexicographically ordered,
of dimension zero, so, if a > es:

(D)) € (t(g1,- -, 9s,7s41)) & (16(9)),

contradicts the fact (1t(1)) = (1t(G)). Hence, a < es. As
before, fiba(Y)|gst+1(e,Y), for any a € m1(Vs), so either
deg gs+1(a,Y) = es, or gst1(,Y) = 0. In this case, X — «
divides gs+1, and a non-zero power of X appears in 1t(gs+1),
which is not possible. So a > e,, and 1t(gs+1) = Y*°. Let ps
be as defined in the theorem. For i < s, since g; vanishes on
Fiba, gi(a,Y) =0, else deg gi(a, Y) > es, and 1t(gs+1)|1t(g:)
contradicting the minimality of G. So ps divides g;, for i < s.

Let us prove that the family é is a minimal Grobner basis
of I(ViU...UV,_1). First, § vanishes on V3 U ... U Vi_1,
since for any of its point (a, 3), gi(a, 8) = 0, but ps(a) # 0.
Let g; := gi/ps, for 1 < i < s. We have:

deg(l) = Z;l eid; = dimg Q[X, Y]/(1t(F))
= dimg Q[X, Y]/(X*1t(1),..., X% 1t(gs), Y )

— dimg QLX, Y1/(16(3)) + dimg QLX, Y]/{X %, Y**).

The last Equality comes from the isomorphism between
QX Y]/(X " 1t(3), -, X16(5s), V™)

and the direct product Q[X, Y]/(16(G)) xQ[X, Y] /(X %, Y°s),
obtained through the map: m — m quo X% | m mod X% .
We deduce that

dirn@ Q[X, Y]/(lt(g» = i e;d; = deg(I(V1 Uu...uU Vs_1)),

and that (1t(G)) = (t(I(VA U ... U Vs_1))). Induction hy-
pothesis can then be applied and the conclusion follows. O

REMARK: If G is reduced, so it is for 5

COROLLARY 1. For 1 <i<s, letpi(X):= [[ X —a.
aemy (U5_;Vj)
Any minimal Grébner basis G = {g1,...,gs+1} of I(V), or-
dered such that 1t(gu) | 1t(gv) for u < v, verifies:

gi = pi(X)ri(X,Y), with ri=1and lt(r;) =Y 1.

For any j <t and each o € w1 (Vj), fiba (Y') divides ri(a,Y),
and are equal only when j =1 — 1.

PROOF. All but the last assertion concerning the divisibil-
ity are proved in the previous theorem. Since g1,...,¢gi—1,7i
is a Grébner basis of I(V<;_1), r; vanishes on Fib,, for « €
V<i—1. After Lagrange formula (4), we have degr;(,Y) =
ei—1, whereas #Fib, = e;, if a € m(V;): the equality
fiba (Y) = ri(e, Y) holds only when j =i — 1. O

3.3 Algorithmic considerations

The link between the equiprojectable components and Grob-

ner bases above suggests Algorithm 1 to go from one to the
other.

Steps 3 and 4 consists only in extraction of coefficients.
The roots of the polynomials T} computed at Step 5 are
m1(V;), hence the polynomial 7% at Step 6 and r;41 have the
same values above 71 (V;) ; T4 being also reduced, it follows
that (TH(X), T4(X,Y)) is a Grébner basis of I(V;).

Input: An ordered Grobner basis {g1,...
notation of Corollary 1
Output: Family T° = (T}(X), T4(X,Y)), of reduced Grébner

bases of I(V;)

,gs+1}, with the

D Ps+1 1 5 Tsp1 < gsta
:fori=s,...,2do
pi(X) «— coeff x (gi, Y~ 1)
ri(X,Y) « gi(X,Y)/pi(X)
Ti(X) < pi(X)/piv1(X) _
T3(X,Y) «— riy1(X,Y) mod T7(X)
end for
T1(X) — g1(X)/p1(X)
T3 (X,Y) « r2(X,Y) mod T¢ (X)
: return [T',...,T7]

—
DL XA T

Algo 1: Grobner basis to equiprojectable decomposition

The reverse algorithm based on the Chinese remaindering
map, does not compute the reduced Grobner basis. This
specific basis is however of interest for two reasons: it can be
computed from a triangular decomposition algorithm, com-
pletely “S-polynomials computations” free; And its coeffi-
cients are small.

What is done hereafter relies just on geometric obser-
vations. Given as usual an equiprojectable decomposition
Vi < -+ < Vs of avariety V, that is described by a family of
triangular sets T% = (T{(X), T4(X,Y)), we want to compute
a minimal Grébner basis {g1,g2,...,9s+1} of I(V). What
is not trivial is to compute the polynomials 7;11 of Corol-
lary 1. Since the polynomials ;41 vanish on V1 U...UV; we
get (rit1 mod T¢) C (TJ mod T%) in Q[X,Y]/(T}) for j < i.
Due to a degree constraint, r;11 = T4 mod T}. This leads
to Algorithm 2.

Family of triangular sets T = (T{(X), T4(X,Y))
with V(T%) = V;
Output: A minimal ordered Grébner basis {g1,...,9s+1} of V

Input:

1 psg1—15q «— 1

2: fori=s,...,1do

4 qi(X) — g1 (X)TL(X)

5: end for ,

6: G — [p1(X) ;5 T5(X,Y)p2(X)]

7: fori=2,...,s do

8  ui(X),vi(X) «— Bézout(Ti(X), ¢i—1(X))
9:  riy1+ (T3vigi—1 mod g;) + Y~ “~1 (rju; T{ mod ¢;)
10: G« G cat [pit1(X)ripa1 (X, Y)]

11: end for

12: return G

Algo 2: Equiprojectable decomposition to a Grobner basis

The additional monomial Y ™% -1 at Step 9 is to ensure
the condition that 1t(r;+1) must be equal to Y. This obvi-
ously does not lead to the reduced Grébner basis in general.

The reduced Groébner basis. Given a minimal Grob-
ner basis with the notations of Corollary 1, for a € m1(Vj),
1<t<sand1<j </l rei1(a,Y)/fiba(Y) is a monic poly-
nomial of degree e, — e; (no matter what it is). The unicity
of the reduced Grobner basis implies that only one choice of
these polynomials yields such a basis. We are interested in




the computation of these specific polynomials:

. revi(onY)
Vi</i< <Z Vi =——"" (6
SESs, )54, ac 7T1( 7)7 qo, 41 ﬁba(Y) ( )
Algorithm 3 aims at computing inductively these poly-
nomials. It uses linear algebra. Let us outline the cor-

Input: Equiprojectable decomposition U;V; of V'
Output: The polynomials q, ¢ defined above

g [ A Uinm(V;)

2: for{=1,...,sdo

3. for a € m(Vj), j < £let Qa,e+1 be monic polynomials
of degree e, — e; with indeterminate coefficients.

Rei = Y51 Saeny (vy) Qaues1fiba(Y)la, (X)),

A — Uf;i{(a, b), 1<a<d<j, e <b< €j+1}.

Cab — coeff(Rey1, X°Y?), (a,b) € A.

Solve the linear system (cap = 0)(q,p)c.4 in the inde-
terminate coefficients of Qa,e41

let @a,e+1 be the polynomial with the coefficients
found corresponding to indeterminates of Qq,¢+1-

9t deg1 < [gaet1, 0 € Al 5 g q cat [qeya]

10: end for

11: return q

*

Algo 3: Reduced Grobner basis

rectness of the algorithm. First the system c., = 0, with
0<a<d<g1, ej <b<eislinear. In fact, the indetermi-
nate coefficients of Q4 ¢+1 appear in linear combination in
coeff (iba(Y)Qa.e11(Y),Y?). And from Formula (4),

avy by ¢ a
coeff (Ro41, X*Y") = ijl Zaem(vj) coeff (€, a, X%)

coeff (fiba (V) Qa,e11(Y), Y?), (7)

so they also appear in linear combination in coeff (Re11, X*Y?).

The cqp defined at Step 5 are coefficients of monomials of
r¢+1 that are divisible by one of the 1t(g;), for 7 < £. Hence
if the system at Step 6 admits a solution, it corresponds to
the reduced Grobner basis. This basis exists, so the linear
system admits a solution, and Algorithm 3 is correct.

3.4 Numerical estimate for lucky primes

Computing a Grobner basis through a modular method
has been settled in [13, 14] and further studied in [1]. It con-
sists in reducing the initial equations modulo a lucky prime
number, run a Groébner basis computation algorithm, and
lift the basis obtained over ), to a basis over Q. A lucky
prime that allows such a computation scheme to succeed is
defined as follows:

DEFINITION 2 ([1, DEF. 5.1]). Let G(F) be a minimal
Grdbner basis of polynomial equations F' = fi,..., ft over
Q. A prime p that does not divide the denominators of the
coefficients of the polynomials in F is lucky if

1t(G(F mod p)) = 18(G(F)).

While such a criterion can be discussed, it is the miminal
condition that a prime should satisfy, and for radical ideals,
it is sufficient. Corollary 1 says that the leading terms of
minimal Grébner bases correspond to the size of the equipro-
jectable components. A modular algorithm for computing

the equiprojectable decomposition has already been studied
in [5], and the problem of choosing a lucky prime, in this
context, completely solved. Let us summarize the ideas of
the proof therein.

First, since the definition of equiprojectable decomposi-
tion is geometric, the concept of “V mod p” must make sense.
ItV cC Aé, then p must divide no denominator of any co-
ordinate of any points in V. If there are algebraic points,
there exists a suitable non-ramified finite extension K, of
Qp (field of p-adic numbers) such that the coordinates of
the points in V' lie in the ring of integers O, of K,. This
last is a free Zp-module of finite type, hence, the coordinates
can be reduced modulo p componentwise.

The equiprojectable decomposition U;—;V; of V' is said to
specialize well modulo p if (V mod p) admits Ui_, (V; mod p)
as equiprojectable decomposition, and if V; and (V; mod p)
have same size. The above definition implies the following
result:

PROPOSITION 1. A prime p is lucky (following Defini-
tion 2) if and only if the equiprojectable decomposition spe-
cializes well modulo p.

It was shown in [5, Lemma. 7] that for a prime p to be
lucky, it suffices that each projections on the first axes of
V and (V mod p) must have same cardinality. To quantify
numerically this, was introduced primitive element represen-
tations of each projections on the first axes of V, yielding
parametrizations of each of these projections of V. A lucky
prime should not divide the denominators in any polyno-
mials of each parametrizations, and the primitive elements
must have the same number of roots when reduced modulo
p. This lead to a squarefreeness criterion (Cf. hypothesis Hz
before Lemma 4 in [5]), expressed through non-vanishing of
a suitable resultant (Cf. Lemma 4 in [5]) when reduced
modulo p. Standard use of theoretical bounds on the size of
coefficients permitted to give the following numerical crite-
rion, given here in our special bivariate situation.

COROLLARY 2. Let F = f1,..., ft be a system of equa-
tions over Q, defining a zero-dimensional and radical ideal.
Let d := maxi_; tdeg(f;), and h := max!_; h(fi). There
exists an integer A, whose number of digits is bounded by
8d*(h + 4(log d) + 5), such that if p fA, then p is lucky.

PROOF. We use with n = 2 a corrected result of [5, Equa-
tion before § 4] stated in [4, p. 139]. O

4. PROOF OF THEOREMS 1 AND 2

4.1 Preliminaries

Height theory. We just outline the main objects that we
use, and refer to [8, § 1] for more details.

Let K be a number field. A set of absolute values Mg
is said to verify the product formula with multiplicity IV,
if for any @ € K, [[, ey |z|Y* = 1. The height of an
element x € K™ is defined by:

h(z) : N, logmax{1, ||}, (8)

1
K :Q) ZUGMK

and for a polynomial f =" faX® in K[X1,..., X4],

M) = g

acNn®

ZueMK N, log max{1, £%§{|fa|1,}}.




Over Q, the set Mgy = {|.|c} U {|.|p, p prime} verifies the
product formula with multiplicity one, and the link with Def-
inition 1 in Introduction is proved in [4, Prop. 1.5, p. 26]. Let
v an absolute value over K that extends an absolute vg over
Q. We denote by C,, the completion of an algebraic closure
of the completion of Q for vg. There exists an embedding
oy : K — Cy, such that for any z € K*, |z|y = |00 (Z)]v,-
Let K, (resp. Qu,) be the completion of K (resp. Q) in
Cy, and let N, be the local degree [K, : Qu,]. The canonical
set Mg of absolute values over K that extends those Mg
over Q verifies the product formula with multiplicity N,, in
conformity with Formula (8).

Height of varieties. Let V' C A% be a finite Zariski closed
set. The Chow form Cy of V is the following polynomial:

Cy = HaevT —on X1 — - —anXn.

If V is definable over K, then Cv € KT, X1,...,X,]. More-
over if V and V' are disjoint finite Zariski closed sets, then
Cyuy = CvCyr. Let Mz the Archimedean absolute values
of the canonical set My, while M are the non-Archimedean
ones. For v € Mg, we define the Mahler measure of f:

1 1 . .
m(f) ;:/ / log | f(e*™, ..., ™ |odts ... dtn ,
0 0

and the S,-Mahler measure associated to v: m.,(f;Sn) =
fsnlog | flopin, where p, is the Haar measure of mass 1 over
the complex sphere S,, of dimension n. The height of the
variety V is:

h(V) = m (ZUENI? Nvmv(CV; SnJrl)

n 1
+ Z%M% N, log |cv|v) +deg(V) Do o (9)

Inequalities. Following the proof made in [6] for bounds on
triangular sets, we reuse the inequalities relating the behav-
ior of the height under elementary operations proved in [8,
Lemma I1.2]. Let f, (fi)i<¢+ be monic multivariate polynomi-
als. If v is a non-Archimedean absolute value, then:

Ny ho(fi--- fo) = ho(f1) + -+ ho(ft).

Nt ho(fi 4+ fr) < maxice ho(fi).

Ns ho(f(2)) < ho(f) + (deg f)ho(x) for z € K.
If v is Archimedean, then:

At ho(fi + -+ fr) < maxi<t ho(fi) + logt.

A (misn) mo(f) < mo(f;Sn) + (deg f)(Z?:1 1/2i).

Ao mv(f(Xl, e ,anl, 0)) S mv(f)
For monic univariate polynomials f, (fi)i<:,we can refine a
bit some Archimedean inequalities of [8] and used in [6]:

Amn hv(fz) < mv(fl) +d; 10g2

A ho(fie-- fe) <32, ho(fi) +logdi.

As ZZ hv(fz) < h’“(Hi fz) + Zi(log d; + d; log 2).

An ho(f) < (1/€) (ho(f€) + log(2)(deg f) + log deg f).

As ho(f(@)) < ho(f) + (deg f)ho(2) + log(deg(f) + 1)
If we drop the assumption that f is monic, we have:

E hy(zfi) < ho(z)+ ho(fi) for z € K, for any v.
To study reduced Grébner bases, height of solutions of lin-
ear square systems are required. This is obtained through
Cramer’s rule and Hadamard’s bounds.

LEMMA 1. Let A = (Aij)i; be a square regular matriz
of size n over Q and b = (b;); a vector of Q™. Let H be

an upper bound on the global height of A and b. The unique
solution x = (x;); € Q™ of the linear system Ax = b verifies:

h(zi) <nlogn+2nH, forany 1<i<n.

Notations. Besides the usual notations of Corollary 1, we
will make use of the additional following ones. A first aim
is to fix an 1 < £ < s, and compute the height of ro41. Let
Vo :=ViU...UV; and A := m(V<p). Let a € m1(V}) C A.
The proof follows closely the one of of [6, § 5], with minor
changes that the bivariate case allows. As therein, we note
E.(X) = HgiA X — 3, so that o, A(X) := Eo(X)/Ea(c).

Moreover, let E¢ =[] E.(a).

agm(Vgy) 7@
Ci(X,Y,T) = H(a,ﬁ)EVi T — aX — BY is the Chow form
of the variety V.
Ca(X,Y.T) = [I5epi, T — aX — BY is the Chow form
of Fibg.
Ca,j(X,Y,T) :=1] s%a

Be™(V))
Chow form of V; — Fib.
In particular Co Co,; = C;. As usual, (d;,e;) is the size of
Vis Ga,e+1(Y) = reqa(a, Y) /fiba(Y), and d<; = di +- - - +d..
We will make use of the following polynomial:

EeEaT[ 1 a,Y
T =3 —on(a() )
A slight modification of [6, Lemma 2| shows that Ty, €
Q[X,Y] (the notations are the same, but not exactly the
definition). The interest of 741 lies in the fact that 7,41
is obtained by dividing out the leading coefficient of 7;41.
This implies A(re41) < h(Ze41) (). In order to get a bound
on its height the following Lemma is useful:

HyeFibﬁ T — X —~Y is the

= EeT‘g+1 (10)

aemi(V<y)

LEMMA 2. For any a € m1(V<g), and any non-Archimedean
absolute value w, holds the inequality:

hw (%) < hw (Ea(X)dgz—2 (Ba(X)(X — a))dg_1)

If w is Archimedean an additional term Dy, = d<¢(d<¢ —
1)log 2 + d<¢log d<¢ must be added to the innermost term.

PROOF. Let us start by the easier non-Archimedean case.

fro <Ef(ea)) = (Hﬂ;ﬁa Eﬂ(ﬁ)) = Zgﬂ hw (Es(5))

< Zﬂia hw(Ep(X)) + (d<¢ — Dhow(X = 3). (11)

Two successive applications of Inequality N x shows that the
innermost term above is equal to:

ha (T1,,., BsCOX =By

The Archimedean case follows the same lines:

ha (EL(;)) Al ; ho(Bs) + (dee — )hu (X — B) +log d<c.

Successive applications of Inequality A s and simplifications
with the remaining logarithmic terms, yields the estimate:

hw( H Eﬁ(X)(X_ﬁ)dgf_l)+d§[(d§[—1) log 2+d§[ log dg[,
B#a

But [, Es(X)(X — B)=e! is equal to (Ea(X)(X —

Oé))dgé_lEa (X)dSFQ, yielding the conclusion. O



4.2 Main result

We let K be an extension of QQ containing all the algebraic
coordinates of all points of V. We let w be an absolute value
over K that extends a given absolute value over Q (if v is
Archimedean or not, so it is for w)

The special Grébner basis. We start by this easier basis,
and deduce some bounds for the reduced one after. We fix
a € m(Vj).

Case 1: w is non-Archimedean The computations here-
under comes from Equality Ny essentially.

(Ba(X)rer1(a,Y)) = huw(resi(eY)) + ho(Ea(X))
< hw(Ca(0,1,Y)) 4 ha (qam) (12)
3 Rul(Ci(1,0,X) %) + A (Cans (1,0, X))
i#£j
< hu(Ca) + 30y hu(C) + hu(Cay)
i
< Z;hw(ci)_hw(m) (13)

Taking the maximum over « following Inequality N, per-
mits to get the bound on the non-Archimedean local heights
of 2 Eo(X)req1(a,Y).

We turn out to the bound on 7;11. With our notations (10),
this leads to:

E/E. Y E
(14)
The first term is dealt in Equality (13). As for the second
one, the bound of Lemma 2, with direct applications of In-
equalities Ng, N gives:

F
o (E—m)) < (der—1)hu (Ba(X)(X—0))+(dee—2)hu(Ea).

Using hw(Fa(X)) < hw(Ea(X)(X — «)), and the same
computations used to bound hy (Fa(X)) in Equation (12),
comes:

o <Ef(za)) < (de-3) (X %ihw(ci)).

Combining this and Equation (13) in Equation (14), gives:

14

L)) (19)

i=1¢e;

B (Te1) < ho(Viee) + (2d<e = 3) (Y
This gives the non-Archimdean part on the bound on the
height of Zp41.

Case 2: w is non-Archimedean In the computations
hereafter, was used first Inequality A, then A ..

<Z . hw(Ci(1,0, X) ') + log d;
i#]
+ hw(Ca ,](1 0, X) ) +log(d; — 1) (16)
S L hu(ei1,0,x)) + Lioga 4 (r Dlosds
1#1 € €; €
n hw(Ca,; (1,0, X)) +1log(2) dj—1 + (ej +1)log(d; — 1)

€j €j €j

Next we apply Inequality A where appear the Mahler mea-
sure, and use d; — 1 < dj, it comes that h,(Eo(X)) is

bounded by:

¢ 1
21:1 - (mw(C'i(l7 0,X)) + 2d; log2 + (e; + 1) log di)
izj €1
1
+ - (Tmu((:’(w'(l7 0,X))+2d;log2+ (e; + 1) log dj). (17)
J
Inequality Ag reveals the terms m.,(C;) and my (Ca,;) in the
above. As for the height of r¢41(,Y) = fiba(Y)ga,e41(Y),
it is only equal to h(fiba(Y)), since in this case ga,e4+1 =
Y ¢ . Roughly same computations made for the non-Archime-
dean case above, plus an application of Inequality A, yields:

ho(resi(@Y)) < mu(Ca) +e5log2. (18)
Since r¢41(a,Y) and Eo(X) have different variables, the
equality
ha(ret1(a, Y)Ea(X)) < b (rer1(a, Y)) + ha(Ea),
holds. Since e; > 1, for all ¢ > 1, we have (1/e;)m.(Ci) <
mw(C;). Plugging Equations (18) and (17) in the above,

then using mw(C;) = Mw(Ca,j) + Mw(Ca) and few simplifi-
cations comes:

hw(res1(e, Y)E ) < Z )+ /e, (2d; log 2

+ (e;s +1)log di) +ejlog2. (19)

In Inequality A4, the maximum over a is reduced here to
take the maximum over j (recall that « is supposed to belong
to m1(V;)). We use e; < e for all j. Inequality A(ms, ;)
permits to write the local height of the varieties V; from the
Mabhler measure m.,(C;).

hw(za Earz+1(oc,Y)) < hy V<[ -I—Z

+ (ei 4+ 1) log di) + eslog2 + log d<;. (20)

"Je: (2di log 2

We turn now to bound the polynomial 7¢41. Similarly to the
non-Archimedean case, we start by estimating the height of
E;/E.(c). After Lemma 2, necessary computations lead to:

o (Ba(X)'= 2 (Ea(X — )< ™) < hy (EE2)
+ hw((Ba(X — @)<Y + 4log(d<, — 1).  (21)
Using hw (Fa(X)) < hw(Ea(X)(X — a)):

hoo (Ba™" ) < (d<e—2) (huo(Ea(X) (X —a)) +2log(d<,—1)).
(22)
If the above is plugged in the right-hand side of Equation (21),

the left-hand side is bounded, after simplifications, by:
(2d<¢ — 3) (hw(Ba(X)(X — a)) + (3d%, — 5d<¢ + 7) log d<,.

From Lemma 2, this is also a bound on hy(E;/Eq(c)).
Equality (14) applies also in the Archimedean case from
Equality E, and with Equality (20), the left-hand side of
Equality (14) becomes lower than:

hu(Ver) + (2o = 3) (300 hu(Vi)/e:)
+ (2dec —2) (25:1(1/61-)(20@- log2 + (ei + 1) log d;) )

+ ejlog2+ (3d%, — 5d<¢ + 7) log d<,. (23)

To get the result on 7yy1, following Inequality A4, it re-
mains to take the maximum over o € 71(V<¢) and add



a term in logd<,. Using e, > e;, the terms above meet
the definition of the notations A; and By of Theorem 1
in Introduction. Finally, by combining the estimate ob-
tained in that way for the Archimedean case, with the non-
Archimedean equivalent inequality (15), we get the global
bound on h(7p41). It is greater than h(re41) from (f), and
the bound on 7,41 of Theorem 1 follows.

The reduced Grébner basis. Let us define (7;)2<i<e+1
the polynomials of Corollary 1 such that

(pl(X),pg(X)Tg(X,Y), .,T;+1(X,Y))

is the reduced Grébner basis of (V). We need to take into
account the polynomials gn,¢+1 that were equal to Y% in
the previous computations. Let us investigate the entries of
the linear system of Algorithm 3 used to compute them. To
apply Lemma 1, is needed a bound on the global height of
the entries (A;;):; and (b;)i, using the notations therein.
Formula (4) shows that any indeterminate coefficient

coeff (Qa,i+1,Y") of Qa,ey1 appears linearly, with a coef-
ficient of the form coeff (fiba(Y),Y"?)coeff (Lo, 4, X*), for
some integers a, u and v. Besides, the same is true for the
scalar entries of the linear system. Hence, with a bound on
the global height A(fiba(Y)fa,a), Lemma 1 can be applied.
Recalling that 4,4 = Eo(X)/Eq(c), the general bound

h(fiba(Y)la,a(X)) < h(ret1)

holds. The size of the linear system used at Step 7 of Al-
gorithm 3 is: Dy := Ef;ll(eg —e;)d; = d<¢eq — D,.This is
the number of monomials with exponents in [0, d<¢[X 0, es]
that are not standard monomials of I(V<,). We called D,
the complementary degree of V<;,. Lemma 1 provides the
following estimate on the height of the polynomials qa,¢+1:

h(qa74+1) < 3@ logﬁg + QEgh(T[Jrl). (24)

In the previous computations, the additional term hw (qa,e+1)
must be added in Equations (12) (13) (15), for the non-
Archimedean absolute values, and in Equations (18) (19)
(20) and (23) for the Archimedean ones. This yields to:

ho(Top1) < ho(res1) + ho(ga,et1) for any v.

The global equivalent also holds: h(rj, 1) < h(re41)+h(gae+1)-

With Equation (24) finally comes:
h(ris1) < (2D + 1)h(res1) + Delog Dy.

Bounds on polynomials g;41. While the above focuses on
bounds on 741 and 7y, of Theorems 1 and 2 respectively,
we prove here the statements concerning g1 and g +1-

From g/+1 = pesire+1, and Inequalities Ny and Ay,
comes h(get1) < h(pet1) + h(res1) +logd<e +logds,. It is
easily seen that h(pet1) < h(Vse), and the result for getq
follows. The same reasoning holds for g ;.

S. CONCLUSION

Comments on the results. The estimates for the special
(non-reduced) Grobner basis are “quite sharp”, means that
the simplifications made until Theorem 1 are hardly avoid-
able. The quadratic growth observed in Equation (1) comes
from the Lagrange interpolation polynomials. For the re-
duced Grobner basis, the linear system in Algorithm 3 can
be in some cases structured and slight improvements in the
bounds of Theorem 2 may be obtained; in the median case,
Bound (3) is satisfactory.

More generally, the representation of polynomial systems
by the equiprojectable triangular decomposition, is shown
to be equivalent to lexicographical Grobner bases. Their
representation is naturally more compact (like factors of a
polynomial is usually a more compact represntation than
the polynomial itself). Moreover, it is well-suited for mod-
ular computations [5], and optimal algorithms dedicated to
triangular systems are coming out [11, 3]. Implementations
are made in Maple, inside the RegularChains library [10].
Some benchmarks made in two variables are in favor of this
triangular decomposition regarding to the Fgb software [7]
interfaced with Maple.

Toward generalizations. For polynomial systems with
more than 2 variables, the Lagrange interpolation formula
and the “Chinese remaindering maps” between Grobner bases
and the equiprojectable decomposition of Algorithms 1, 2 is
not difficult, since the elimination property that allow lexi-
cographical orders permits an inductive reasoning. The for-
mula given for the size of the coefficients in Theorem 1 isnot
so easily generalizable, but at least a recursive formula can
certainly be given and used for concrete problems. Yet, a
rough general “quadratic” bound can be easily deducible.

We have assumed that the base field was perfect or equal
to Q, but everything works as well, and are even easier some-
times, for fields of kinds k(Y1,...,Ym); we just need to add
an assumption of separability. We let it to future work since
it open ways to comparisons with previous results.
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