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Where are we ? Today’s plan

PART II:)StgtisticaI inference (
4 F)

4. Null Hypothesis Significant Test
(NHST) Y B4R SR

4.1 Concepts and 15t example: z-test

4.2 chi2 and sample variance (77 4 =3 ¥ 2 K5 %)
4.3 the Student t-test  (Student t-#& %)

4.4 Two-sample t-test (=variance) *{ja ? % Wt &
4.5 Paired difference sampling *fjcdD dH 5 57— %
4.6 Comparing two population variances: F-test

4.7 chi2-test (goodness-of-fit) 7 1 —FE(FHE L BLE
"E) |
4.8 chi2-test of independence 7 1 — R EIZ X 5 IRk

4.9 chi2-test for Homogeneity [ YD KRE

4.10 One-way ANOVA (F-test) —CEL B 28 (FIR E)
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Chapter 4: NHST
Section 4.7 chi2-test /7 { — &R ZE

Background “§ %% : Categorical data

. Xl @I A d V. comm from an unknown distribution
2y

R %m DR ) ER X, ., X ¥ T 5,
* Each measurement of the r.v. X; falls into k possible categories:
Vw € Q,X;(w) € {vl, e, Ui}
V=D —Vq, e, /ﬁ%iééﬁﬁ"iﬁm%ﬂuﬁxm)e
{v1, oo, Uy }
* Example: X;(w) € {Heads, Tails} for the Bernoulli distribution

 Example: Polling (1X%&): X;(w) € Candldateﬂ'%%%?ﬁ%‘A
Candidatef### % B, Candidatel## £ C,...}

e Categorical Data. Want to test:
1) Goodness-of-fit (GOF)i#& 5 K
2) independence %Ltk
3) Homogeneity [E] gt
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Chi2-test of “goodness-of-fit (GOF)” (;#.4~Z 2 E)

* Aim:
* from a sample of data X;(w{), ..., X,,(wy,,)
BREAEX (1), oo, Xn(wp) 22 5,

w infer p; = P(X = v;) the probability that one random
sample X is in category v;,

Bl L—oDBARX T T) — v BT LR
p,=PX=v)%HETLLENT S,
 Usual notation i % D 3.5
* O="observed” (#L:A])

* 0; = {w, : X,-(w,) = v;}| number of measurements that
falls in category v;

« E="expected” (#A1F)
» expected number (=null hypothesis) of data in each category
FBRRFDO T CEZ2 AT ITY) =BT LT —F DFLEk,
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Chi2-test of “GOF” (:# & E_# 7€) in practice

o E; = {r: X(w,) = v;}| expected number under H, of data in
category v; WERFO T TH T T — v 12B T 57— % DI,

*p; = P(X =v;) R%= unknown

* HO:ZL\%U (p11 '"ka) — (p01; Po2, ---;pOR) /f)i/r)i
e Under HO (HOOD‘FT“) thus [ Ei = NPy,

* H,: at least one py; # p;

_ 2
. Test statistic: x2 = Z=20° .. 4 Ol
Eq Ex
[° Theorem: Under Hy, x? ~ y%2_, (n-1 A & A&
* P-value:p = P(X > xz) X ~xz_4

(always 1-sided & |2 & 1882 7€ : since y* = 0)
* Reject Hyif p < a (a the significance level)
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Example: Restaurant’s customers

 Ellen is thinking of buying a restaurant and asks about
the distribution of lunch costumers.

EllenX AZ VAN V2R EHIEYHEZ NS, 7

CFDY XDREKDO A AH W LB,
* The owner provides the row 1 below.

A —F —IIVATDIT1 251 5,
e Ellen records data in row 2 herself one week.

1R M ICEllenX AT TTF—4% 2RE L TIT2 1238 7.
M T W R F S
Owner's distribution | .1 .1 .15 2 3 .15
Observed # of cust. | 30 14 34 45 57 20

(It is a 1-way table: categories are only in one line)
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* Run a chi2 goodness-of-fit test with hypotheses:

* H,:the owner’s distribution is correct.
* H,: the owner’s distribution is not correct.

1. The total number of observed costumers is 200.

2. Under H, the expected counts are: 20 20 30 40 60 30

—920)2 TSy a2 M2
3 x2 — (30250) _l_(14 20) _l_(34 30) _I_(45 40) N

5 20 5 30 40
(60—57) (20-30)

60 30
=54+ 1.840.533 4+ 0.625 + 0.15 + 3.33 = 11.441
4. df=6-1=5, P(X > x?%) = P(X > 11.441) < 0.05, X ~ x&

5. Reject H, at significance level 0.05 in favor of the
alternative hypothesis H,: the owner’s distribution is
wrong. 0. 05@76' KRETHy % &3 L, A2 IR3LH,
D XFFIC



Chapter 4: NHST
Section 4.8 chi2-test for independence

FEEIM H A4 EREICL AR

Example
 Admissions data (N %) at Berkeley university.

* |s choice of major independent of gender? AEE

i%‘ﬁ(@ %jﬂli ’L&..E'J L:ﬁ‘(ﬁj— X% (? Contingency table
Male Female B B¢
Easy Major 1385 133 _ A 1385 133
(—
Difficult Major 1306 1702 A€ 1306 1702

* Let 4 the event: ‘choice of Easy Major’ « p = P(A)
A€ is the ‘choice of Difficult Major’

e Let B be the event: ‘student is a male’ . 0= P(B
and B¢ be the event ‘student is a female’* 4 = (B)
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Category

ANB

AN

AN B

A N

Probabilty

P4

p(1—q)

(1—-p)g

(1-p)A—q)

 Then we are in the previous case (Section 4.7) with the

one-way table above, if we know p and
HE)Y gV BRGEDOY X, MDA 4 =

L 7=

Fwoe 1k

* However p and g are not known in general.

L22L. pbgdt REF=Th 5,
e We must estimatethem. 2N 56 23 L e v ¥ Wit

A

AC
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v 32 = Eumnpd? | (Xp=rp0-9)° | (Xa-nda-p)° |
npq . np(1-9) n(1-p)q
(X22—n(1-p)(1-9))

n(1-p)(1-q)

“sum of 4 squares”

* Back to Berkeley admission

e n = 4526 Male Female
. p = 13854133 _ 0 o, Easy 1385 133
s g giig% | Difficult 1306 1702
*q=— - =059
e x? =~ 947 | df=2 (P(X > 947) ~ 0| X ~ 13

* So we reject Hy : gender and choice of major are

indeed dependent. Hy % &4 9 5 1 7] ¥ £ KD
EIRIITRZ TUL %,



General chi2-test for independence

Ay A; A,
B, X11 X1i X1n, a1
B; Xj1 Xji Xjn, q
an anl ani Xn1n2 q/n\z
P1 pi Pn,

e Data have two characteristicsAand B —>o %847 73 —
* Characteristic A has n, categories: 44, ..., 4, 105K 7

with probabilities py, p2, ..., Pn, 5T —
* Characteristic B has n, categories By, ..., By, o s
with probabilities g, ..., gy, ?2:?])775&%177

* Allin all, there are n,n, categories.
* Hy: A; and B; are independent for all i and j.

11
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Chi2 independence: estimate probabilities

* 0;; = X;; observations &L
* Under null hypothesis Hy:  E;j = np;q;

* We don’t know p; and q;

Independence:
P(A; N B;)
= P(A)P(B;)
= Dbiq;j

* Estimate them W|th p; and q;

1
Z IR
=1

e y?-statistic:

* Degrees of freedom:[ df=(n1 —1)(n, — 1) }
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~ -
Example: & &l
A B AB 0
RR+ 320 96 40 412 oy =
Rh — 66 23 9 65 D, =
=  ®=  ®= G-

e Are the type and Rh factor independent? Test at 0.05
significance level.
Hint: n=1031, n; = 4,n, = 2. p; = 0.84, p, = 0.16
g; =037, §G;=012, g3 =0.05 g, =046
Answer: x* = 3.54........
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Chapter 4: NHST
Section 4.9 chi2-test for Homogeneity

(BIEHDH®RE) Example

* Three treatments for a disease are compared in a
clinical trial, yielding the following data:
SIRRIRICZE > TRAD ZODEHREIIENL N T,
AFO7 =5 ph %

Treatment 1 | Treatment 2 | Treatment 3
Cured 50 30 12
Not cured 100 30 18

( 2-way table: 6 categories from 2 lines/3 columns)

e Use the chi2-test to compare the cure rate of the
treatment.

714 ZERE AL > THEFEDBRE 2L L,
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* H,: all the treatments have the same cure rate

* H,: the 3 treatments have different cure rates.

* Total cure rates:
(total cured)/(total treated) = 92/290 = 0.317

¢ HO: (pli pz,pg) — (0317, 0317, 0317)
* Hy: at least one p; # 0.317
* Under H,, we add the expected data E; besides O;

Treatment 1 | Treatment-24" Treatment 3
Cured 50, 47.6 30, 34.9 12, 9.5 02
Not cured | 100, 102.4 30, 75.1 18, 20.5 198
150 110 30 290



Example (end)

e Test statistic is thus:
0, — E,)? 0, — E,)> 0, — E.)>
x2=(1 1) _I_(z 2) +---+(6 6)
E, E, Es
242 242 492 492 252 2

=476 1024 359 7511 95 ' 95
* Degree of freedom:
* If we fill any two values in the table, all the other cells
can be deduced = | df =2
b LEDBEZEORTD D2 ANL 26, 130D
T 2, 22 TAWEII2TH 5,

= 2.1477

e P(X >x?)=P(X >21477) >01 X ~ )(2
so we do not reject H, (at significance level & & 7K
0.1)
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Chapter 4: NHST
Section 4.10 One-way ANOVA (F-test)
Example

* Like t-test “uy = u,” to compare the means of two
populations but with n groups here.
ZODHEROFIEE LN S tRE LR U 72575,
AER OB IIHEENY T 5,

e Sample Data:

Group 1 X11 X1 2 X1m
Group 2 Xy 1 X2,2 X2,m
Group n Xn 1 Xn,2 Xnm
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One-way ANOVA: preliminaries

* Assumption:
2
* x1; ~ Normal(uy,0%)
* x5 ~ Normal(p,, 0°)

* Xpn,j ~ Normal(uy, 0°)

* Variance o is unknown but the same. Z7-# ? ¥ —1+&
* Group means W; are unknown and maybe different.

* Hy: all the meansareequal uyy = u, =+ = u,
* H,: at least two means are not equal
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Test statisticw = MSg/MSy,

. X = (xm o xi’m) - 1/m = mean of group i
X = grand mean among all data (42-F33))

. Sl-2=sample variance of group i

m
= (——)) (x;; - 7)
l m-—1)¢ J

J=1
Group 1 x1,1 x1,2 xl,m x_l
Group 2 X2,1 Xz,z Xz,m x_z
Groupn xn,l xn,z xn,m E
X
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%itE MS, Y MSy

* MSp=between group variance
(or Mean square treatment = “F 34 32 7)
=m X sample variance of group means

=(m/n—1) -3, —x)?

* MSy,=average within group variance
(or Mean Square Error = 3525 2 F 7 )

1
=sample mean of 5%, ...,s2 = 5(512 + .- 52)

* Expected value over the sampling distribution
* E(MSp) = 0%, E(MSy) =02 + 7= Xl — 1)’
° U = %(#1 + --- + 1,,) mean over all groups
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w = MSgz/MSy, and F-distribution

* Theorem: Under H, (cg]]means are equal)
MSg

w = MS,, ~ Fn—l,n(m—l)

Where F;,_1 n(m—-1)is the F distribution withn — 1 and
n(m — 1) degrees of freedom.

* p-value: P(W > w) where W ~ F,,_1 nim-1)
* Right-sided because MSp = MSy,

* Reject Hy if p < a at significance level a.
TREqaTp<a L bLIXH 2 FH T 5,
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Example: Level of pain of treatments

The table shows patients’ perceived level of pain (on a
scale of 1 to 6) after 3 different medical procedures.
%c%%{%&&ﬁt: LT ELTRADEE(L»L6E
T) o

T T T " Set up and run a F-test comparing the
S et M means of these 3 treatments.

21 3| 2

, * What can we say about the
o ! treatments?
o I | 18 14 47
51 1] 3 °Hlnt:x1=3,x2=?, 3= X =
31 4| 5

. 5
Hint: s{ = ~,s3 =3.3,s5 = —
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More about ANOVA

* We assumed that all groups have same size
w Possible to generalize when each group has different

size mqy, My, ..., M,,.

* If H, is rejected, (all group means are not equal) then
more analysis is often necessary (post-hoc analysis)
FRIRFEFH LSO, 360 L59M0LE,

e Tukey’s HSD (Honestly Significant Differences) test.
F a2 —F —DEFFHOHLER L

* Experimental Design (53t &) . Blocking Design 7
v v 7 3hE

* There are 2-way anova = CELE %8 %41 and more,
called Multivariate ANOVA or MANOVA



