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Where are we ? Today’s plan
PART I. Notions of Probability s&Z& e FEH

3. Sampling distribution and Central Limit

Theorem B2 A5 H ¥ P AR IE

/(3.1 Introduction to Sampling ZAEEOHD
3.2 Law of Large Numbers (LoLN) and Central Limit Theorem (CLT) X% 7 & &Y

< ¥ PR R IR

3.3 Application of CLT to infer the mean (CLT % i \» TH&-P34 % i) ¢
%)
\

3.4 More on sample statistics
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3. Sampling distribution and Central
Limit Theorem 32 A5 % ¥ F A& L E

32 3.4 More on sample statistics

You believe that the lifetimes of a certain type of lightbulb
follow an exponential distribution with parameter\. & 4 &
HRoHFPIA T A Y v b b,

To test this hypothesis you measure the lifetime of 5 bulbs
and getdata xq, ..., xc. ZCDIREE2RET 5 7-DIZTHKD
AODHEGTERELT—F 25 5xq, .00, X5

 Which of the following are statistics? 4.zt 24 5> ?
X1+Xo+X3+X4+Xsg

5
b. The expected value of a sample, namely 1/A.

c. The difference between x and 1/A.

1. (a) 2. (b) 3. (c) 4. (a) and (b)
5. (a) and (c) 6. (b) and (c) 7. all three 8. none of them
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a. The sample average x =



Examples of (point) statistics

X1,X5, ..., X, ii.d.rv. (sample of size n)
* Sample mean: X,, = %(Xl + -+ X))
* (biased) Sample variance: 65 = %Zi(Xl- — X)?

* Standard error of the mean (SEM): segx = %

 Median(Xy, ..., X;,) for the sample x4, ..., x,, is:
 X; where |{i: X; <X;}| = "1 ifnis odd (4-%%)

— |
2
L Xe—1+Xe

where |{i : X; < X, }| == ifnis even (1&%k)

e Example: X; =6, X, =3, X5 =3, X, =9, Xc =7
(odd) Median=
(even) X1 — 6, X2 — 3, X3 — 3, X4 = 9 Median=

e Quantile (7 1£3%), Max(Xy, ..., X,,) etc...
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Sample space of sampling distribution

ARG A D R A ]

* A sample (statistic) of a sample X, ...,X,, is a function
Y = g(Xy, ...,Xn)_
* Example: Y = X,, is the sample mean

g(Xl: ---»Xn) — E(Xl + et Xn)

e Sample space of the sampling distribution of Y: set of all
possible samples of size n : Q"

* Need multidimensional probability, called here “joint
distribution”. [5] &5 72" % or 4& &7 A

E(Y) = z p(X1 = xq, ., X5, = %) g(Xq, or, Xp)
X1,0Xn

(sum over all samples x4, ..., x,, of size n)

* Because X3, ..., X,; are independent:
p(Xl = X1, ., X = xn) — p(Xl — xl) "'p(Xn — xn)
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Unbiased estimator M@t © =

* Estimator (=statistic) 5; of the parameter of the
population & is unbiased if E(?ﬁ) =0
(expected value over the sampling distribution®= all possible
samples of size n).

3t 20,0 (FXToH A AniEAR L) HRFHEY
NREDRF T A Y =012, FLITNIL., 0,13 1=
(¥ AN

* The sample mean X,,of n i.i.d. measurements X, ..., X,,
is an unbiased estimator of the mean of the population

RAFHOMFEIIZFHO M ZETH 5,
E(Xn) = U
(b #-F37)
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Proof that sample mean is unbiased
(sample of size 2, discrete case)

E(X,) = z p(X1 = x1, X5 = x3) Xp(x1,%2)

X1,X2 €

(xq + xz)

= ) plp(e)

X1,X2

T2 2 *1P(x1) (Z p(x2)> > Z X2 (X2) (Z P(x1)>

Total Iaw of probability : )., p(xl) =1=2,,0(x)
1
ED) =3 ) apln) +5 Z XD ()
1 171

1
— —_EXD)+=-EX)==pu4+—y =
2(1)2(2) SHtSu =
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Continuous case i e %= X 3 D 35 A

* In case each i.i.d.r.v are , then we replace
P(X; = x4, ..., X;; = x,;) by the joint pdf of X4, ..., X,
and the summation symbol ¥ by an integration one | .

« RSB A IHE ) MEFE B L ThHbrrs, &
FERP(X, = xq, 0, Xy = X,) « A0 Ty, Hamal g
DELYIZ, Xy, o Xy DELTHE2ELYIEL W,

E(Y) zf -°'ffX1,__,Xn(x1,...,xn)g(xl,...,xn)dx1°"dxn
Q Q

* X4, ..., X, are independent, so the joint distribution is:
X1,...Xn (xl' er) xn) — fX(xl) fX(xn)

E(Y) = fﬂ"'foX(xl)"'fX(xn)g(xli s Xp)dxq - dxy
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Full Proof that the sample mean is unbiased
(Continuous case, sample size n=2)

B = | for i (209 (e 12)dadx
Q
L

zf(XLXz)(xl' xZ)(xl + Xz)dxldxz
2fX1 (xl)sz (x2)(x1 + x3)dx1dx;
Q

[ o G ffxzocz)dxz dx;
Q Q

o )%, ffxlocl)dxl dxs
Q Q

1
= %(j fx, (xl)xldxl) + > (J fx, (Xz)Xde2>
10 1Y

1
= CEX) +=E(Xy) = —p+-p =
5 (1)+2 (X,) 2#"‘2# U

ﬁlog

| =N = N RNy

|
—

—

-+
(N
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Unbiased sample variance T~Mm iR AR 78X

* The (biased) sample variance (Lecture 5, Slide 10)

o5 = 1((X1 —X)?2+ -+ (X, — X)?)

1 ., .
is biased: E(O'X) == 02 + g% (o population’s variance)

w Definition (ii) Unbiased sample variance:
—X)2 4+ (X, — X)?)

SX

It is easy to check that: E(S)Z?) = g% |(unbiased 7 #7)
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L5.pptx#10. Sampling　→  i.i.d.r.v.  or data ? Both

« 0 ={0,3,12 }.Take 3 samples X1, X,, X5 (with repetition) from
Q.

* How many possible samples are there ?
* Up to permutations (B4 % % j& L % \» ¥ ) possible samples are:
000|003|033]333|00 12|0312(01212|3312|31212|121212

Rtdd

e Take the permutation into account to fill in the probability table of

the sample mean: x = 1/3 (x; + x, + x3)

X

0

1

2

3

4

5

6

7

8

9

10

11 |12

p(x)

« Compute E(X) = Y ; p(X) X the expected value of the sample
mean (overall size 3 samples in (}).

* Fill in the probability table of the sample median M. Deduce E (M)

m

0

1

2

3

4

5

6

7

8

9

10

11

12

p(M =m)




Quantile %" 1£3% (g-values g-1&)

* Quantiles give a measure of location.

AL NI PSS R L LD TH S,

» Cdf is increasing function so it is invertible. T # B 4%

. Fcdf, f pdf |
(F’(x) _ f(x)) if Area = prob. = .6
X is continuous T

- P(%)

and f pmfif X is
discrete.
* (o is such that:

F(qos) = 0.6

For0 <t <1,q; issuch
that g, = F~1(¢).

F(qt) =PX<q) =t
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Median of a continuous random variable
1R BEAE R KA O FALIR (F I21E)

* P(X < qps5) =05 =P(X >qps)

e Question: Three pdf are plotted (black, red, blue).
* The median of the black density is at gq,,.

* Which density has the greatest median?

1 All the same 2 Red 3 Blue
4 Black 5 Impossible to tell
Plot A | PlotB
"I.
\
\
- \
Crghe \
\ P R
TR o
\-\' ----- ..'-‘: ':_.:':':"'“H'-r:.---
-. *‘ml
q q,
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Quartile, Inter- quartile Box & Whisker plot

AN AN
m /f’l‘ /AR WY m 1\9 . j- .
* Q1 = qo2s, I quartile Q3 = qo.75, 3™ quartile
Q3—Q1 . . BOTH -
e IQR = x interquartile
165 L Qi +IGRx 154D
| PO 35 2 MA DERE
170 - |
E . 160 i
& I g '
4 = & eoe ' ¢ FIMAHIA (Qa)
o E “1e04 ¢
'C lq\ e % :::ouon "E‘ 155 7 IR
I o]0) ::::uu L o PRIE

L . O seeseses

P\ E "5 :;::;E:: % 150 ; < H1EMIR (1)

1 e 150 < osene 0t :

o~ K = o

AR i

-% = 5 : 145 -

t,$ I Q@ v :

g A3 1404 ° —— & - IQR x 1.5 &b
¢ o ARl 5 R/NORRIE
| 140 ]

qF
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