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Where are we ? Today’s plan
PART I. Notions of Probability s&-% 7 FEH

3. Sampling distribution and Central Limit

Theorem &R 7% ¥ F i fR € FE

3.1 Introduction to Sampling ZAFEEZE VD

3.2 Law of Large Numbers (LoLN) and Central Limit
Theorem (CLT) Xk 28] ¥ b ot R 2

3.3 Application of CLT to infer the mean (CLT % i \» T &
3t 4R T )

3.4 More on sample statistics
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Chapter 3: Sampling Distribution and
Central Limit Theorem
3.1 Introduction to sampling

e Later in this course we learn how to make inferences agout
the uIatlon based on information in the sample, 2}-’\@%%%

RKDOTF—7h L&HERH] waﬁﬂﬁ

. ThIS IS often done under the assumption that the population
is a prommately normally distributed. Z D #£R] 11, EAH,
f b L B R Y RE D C LIt LI b

O

SAMPLE
STATISTICS (#f
EiT=)

./ mean: x
Variance: s?
Stand. Dev. s
Median: m

Parameters (BE#{) ¥ SAMPLE

¢

S Infer #R _~
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Parameters vs Sample Statistics AF2X vs 4.3 =

* In practice, sample statistics are used to estimate
population :
EBRICIIRANT 23 FEE LT 5
Y THh5H,

c A is @ numerical descriptive measure of a
population. Its value is almost always

CIIFEA YRR TLETH L, FYAY
DIFAHIZ B W T Th 5,
* A sample statistic is a numerical descriptive
measure of a sample. It can be calculated from the
observations( measurements=data)

Gt LI REEM > LR SN AEADRIE T
%% RO AW iE f%é@f@%o

Example: mean, variance, median, quantile etc.
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Sampling as random variables

. Samplmg is assumed to be a random process
enerally modeled by random variables
ﬁ iﬁf%@kﬁfZﬁﬁﬁé
wKIK, ERTZICI->TETIMLEINS

* Each element in the sample is often chosen independently
from the others w independent random variables
BARD LY L1 I h b
o R HERE TR - CETF LI NS

* A sample of size n is one subset of size n of the whole
population (among all possible subsets of size n).
B LAYV AL XnoERIT, #FEAOY [ AnDF 5%
Am?fﬂof%%
w  jnput: sample space of the sampleis: Q" (if @ is much
larger than the sampler= see slides 13-14)
w NT) L ARARDRRARERM Qﬂﬂiﬁimk% |12
RCEDIRI VDY S ~N— 13143 58 )
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Sample statistics as random variables

* Measurement (or observations or data): #1./8]

e Example: {1 =a population
 Example of measurements: Height, Weight, Gender, etc.
BB & KRE, B, o o o
 Given a sample of 100 persons 100A. %> 5 7 A 2 A

* Height: 100 random variables: H;, H,,...,H{ oo that gives the
height of the 15t,2nd ..., 100t person

H;: HiAB D% &
e Sample mean: H = ﬁ(Hl + Hy + -+ Hyp)
BT (H 0 F#FH)
 Sample space of H: all subsets of 100 persons among )
* The distribution of the sample mean H is a sample distribution.

BARFAHD(FA) THRIREATH OHP|O—2Th 5,
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Back 9

Back 12

A (Very) Simple Example: sample mean

 Population is very small. Only {1,2,3}
* Sample Statistic: sample mean x of the sample.

e Samples of size 1: * E(X)
N
X1 =1 mean: 1
X, =2 mean:2 - Yx 1+2+3
X{ =3 mean: 3 3 = 3 =
— _

 Samples of size 2: X

X1,X, =1,2 mean: 15 _
X1,X,=1,3 mean: 2 & _ 1.5+2+25 —

X,X, =23 mean:2.5 3 3
* Sample of size 3: X Y
X1,X,,X3 =1,2,3 mean: 2} El

* Sample mean X is a random variable on the set of samples.

ﬁﬁ%%iﬁﬁwA%A L LERLE
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Independent Identically Distributed Random
Variable (i.i.d.rv.) IR:2 B 74 1 24E ) #ESZ R 3%

e All measurement are identically distributed: it is the
same random variable on the same population!

BANI T NTE CH#ER LR L7 1259,
e Very often the measurements are independent
AFNIZNIRZTH 5,

* In the example page 6, the Hq, H,, ..., H{g are i.i.d.r.v. (

AARZTEE LN TWE L) |

* Very often: sample of n measurements
< n i.i.id random variables X, X, ..., X,,.
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Point estimation, sampling distribution

RAEE , AR A,

* A point estimator Hn of a parameter 6 (attached toa
population), obtained from a sample of size n is a
number that estimates the parameter 6.
AERIRT 58K00 2170, ¥ 13, 04T
T 594 AnfEARIRIMT 252 Th 5.
Example: the sample mean (of size n) is a point
estimator of the mean of the population (slide 7)

* The cumulglive distribution function (cdf) of the point
estimator 8,, is called the sampling distribution. (this
is a functlon of the set of samples of size n).

Hﬁfw X, Y4 AnoBAIZE 5% L L -
(%”raz L) BRaAKEKE L2, Zhid
*%Ziiﬂiﬁc‘iv")o
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Sampling - i.i.d.r.v. or data ? Both

Lid.rve: Xq, .., Xy

Measurement

Sample| mean

(biased T m T % )
Sample | variance

#.R)

Measurement

Data: x4, ..., x,, 1

R

Measurement

A

Sample |mean

oz =—(X, —X)?% ++ (X, — X)?) G2 =
L /U
Y Y
FER R g numbers

Random variable

2019/5/27 & 6/3
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Standard error of the mean (SEM)
%i}?/ﬁ—ﬁ—@*’f a/\%

* Sample of n i.i.d measurements X, X, ..., X,,.

1
X, = " (X; + -+ X,) (sample mean)
e Let Var(X;) = o2 (variance of the population)

e Var(X,) = % (Var(Xy) + -+ Var(X,))

2

* VaT(X_n) — % O'X— = —

* Definition: the standard deviation_agn of (the sample
distribution) of the sample mean X,, is called the

*&i\%iﬁﬂ)ﬁz}& AR D AR
Bl 2 VI P ORREE Y W,
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Example slide7 Q = {1,2,3}

Mean: Uy = E(X) = 1Hets _ 2 and Var(X) = % :%
e Samplesofsizel: ¥ | E(X)
X1 =1 mean:1 | _ _
X{1=2 | mean:2 > & — 9 VaI(X)
X;=3 | mean:3 3 = 5(12 + 0% 4 19)
e Samples of size 2: i =2/3
X, X, =12 | mean:15) ¥x , 11
X;,X, =13  mean:2 » 3 Var(X) = 5(1 +Z>
X1,X, = 2,3 mean: 2.5/ = 1/6

e Sample of size3: X
Xq1,X5,X3 =1,2,3 mean: 2 } a1 2 Var(X) = 0
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Correction factor for finite populations

A RAEHE D5 E38

« Size 1: Var(x;) = % Slide 11: Var(x,) = %

+ 02 /n=2/3 /1=2

* Size 2: Var(x,) = %

co2n=2[3[2=—#- W0

()Y =N

e Size 3: Var(x3) = 0

co2/n=2/3/3="%0 2

2019/5/27 & 6/3
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Correction factor

1% 1E. 38 (slide ?7?)
(N—-n/N-1)

13



Correction factor for finite populations

A MREEE H OS5I (%8 %)

* What happens??

* The population is finite (and small) and the samples are
without replacement:
FERIIAMRTIHIL T B0 LR 205!

w Samples are

w fd 13 Z W\ |2

* Correction factor  (CH REF&EE1S L.78)
Var(X) = (¢%/n)(N —n/N — 1)

c BFEMIIREKRELS T, HHLWVWITERT, 20 H
ROHE Z 5 LW
In general, the population is so big that this never
happens. N > n.
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Chapter 3: Sampling Distribution and
Central Limit Theorem 3.2 LoLN and CLT

Motivation T F -~ 3 ~

* When sample size n = oo, what is the distribution of
the sample mean or other statistics ?
BANDKE Ind, RE( b3, BRKIFHOY,
MEZINOKIZOTHRIIE ) LB o,

* The LoLN and CLT are fundamental tools in Statistics to
derive asymptotic distribution.
RELD FEA F R EIZIIHRITFiIcb > Tk
ARBIET, #inmgh »ERT520I1EbN TV
ZJ o

2019/5/27 & 6/3 15



Histograms t A | 77 A

« Made by “binning” data ( 3= : "to bin” 8l AMN 5)

* Frequency (38 ) : height of bar over bin = number of data
pointsinthe bin D H3=HDFIlH 27— DB,

* Density (% /£): area (@ #3) of bar is the fraction of all data
points that lie in the bin. So total areais 1. f£ D @Az 1. %
DFIZHLTNTOT =7 wnntk, -7, 2@
111 Th 5,

frequency density

0.4 - Density

4 Frequency

SR

3 0.3 1

n =10 data27 09 |

1 0.1 -

5 1.5 2.5 3.5 4.5 5 1.5 2.5 3.5 4.5
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Example of binning data in a histogram

1. Make both a frequency and density histogram from
the data below.

2. Use bins of width 0.5 starting at 0. The bins should be
right closed.

1, 1.2, 13, 16, 1.6
e 2.1, 2.2, 26, 2.7
e 3.1, 3.2, 34, 38, 39, 39

3. Same question using unequal width bins with edges O,
1, 3, 4.

2019/5/27 & 6/3 17



Result o

>

CO |

QN

: -

OO |

9\—

Lo, =2
Right closed o 1 2 3 4 0 1 2 3 4
bins:
Data point 1 is
in the bin o]
(0.51]or (0,1] S

S

i
0 1 2 3 4 S0 1 2 3 4

Histograms with unequal width bins
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Law of Large Numbers (LoLN) K#k 9 X8R 2%k 5

* Informally: an average of many measurements is more
accurate than a single measurement.
BAIS . I LT XILBROFYEDIT ) A ED
—OBR L) LHFETH 5,

* Formally: Let X, X, ... bei.i.d random variables all with
expected value ¢ and standard deviation o. Let X,, be
the sample mean random variable:

— 1 1
Xn =£(X1 +'“+Xn) =£ZX1-

P(limX_n=/,t)=i=1

n—>00

Only few samples give a sample mean that is far away
from the mean . F¥fEu s & SEN T W\ 5 RFH) D AE
ATV T H A,
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Visualizing the LoLN with histograms

* Empirical distribution (42527 %)
e Sample from an (infinite) population whose distribution
has density function f(x). EE KIS () 2 F>0 %
ISR BERGLY Y TIVT B,
 Measurements are put in bins and we look at the
histogram: 56N AR I3 (FA) A Th
AN T L% TH,

* Consequence of the LoLN:

* As the sample size increases, the histogram gets closer
and closer to the curve of the pdf f (x).

VTN AXHYHZBICOoNT, LA T AU
HEFERBARS)OERICI T ITHF-> T,

* Example next slide: red curve: X ~ Exp(1)
2019/5/27 & 6/3 20



Density

Density
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Histogram of 50 sample of exp(1). Bin size=0.2

Histogram of 500 sample of exp(1). Bin size=0.2
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Visualizing the LoLN with histograms

e Sample from an (infinite) population whose distribution

has density function f(x). (example: f(x) = \/%_ne_xz)

 Measurements are put in bins and we look at the

histogram: 0.5 | ) » ) | |

0.4 | e

* Red: Standard M

Normal lerve 0.3 % 5\

_ —x?

f(x)—\/T—ne . /f S\‘
* 100000 samples 77‘% )

putinbinsof 0.1

width 0.1

0

-4 -3 -2 -1 0 1 2 3
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Central Limit Theorem (CLT) ¥ ~S 45 [R 7€ 3%

* Setting: X, X, ..., i.i.d.rv. with expected value 1 and
stand. dev. o.

* For each n,

— 1
Xn ==Xy + -+ Xp)

STL =X1 +X2 + +XTl
* Conclusion: For “large” n, (n >230 or 50)
__ o
STL ~ N(n:u; nO.Z)
e Standardized S,, or X,, = N(0,1).
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CLT: pictures 1

» Standardized (% #£{L) average of n i.i.d.
variables. ( | ZHE ) AR L[R]3 A niR).
Sample sjze n=1.2.4 .12

: 0.5
0.35 |- /\ -
03 L | 0.4
0.25 - i 03
0.2 - -
0.15 - . 0.2
01 - /x \ |
' / 0.1
005 - N /
0 — | | | \ | 0 =
3 2 -1 0 1 2 3 -3
0.4 0.4
0.35 0.35
0.3 0.3
0.25 |- 0.25
0.2 0.2
0.15 0.15
0.1 0.1

0.05
=

0.05
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CLT: pictures 2

» Standardized (1% #&1L) average of n i.i.d. exponential
random variables. (1522 7 1248 ) IR 2 [B] 77 A nfBl).
Sample size n=1,2 ,8, 64

1

0.8

0.6

0.4

0.2

o L—=1

0.5
0.4
0.3
0.2
0.1

0
2019/5/27 &

6/3

0.7
0.6 - s
0.5 -
0.4 -
0.3 -
0.2 -
0.1 -
o L—

0.5

0.4 - f/ -\\ s

0.3 \ .

0.2 - / \\ _
0.1 .

0 = |
S 25



CLT: pictures 3

« Standardized (1% #£1%.) average of n i.i.d.
random variables. (
A ni@E). Samc|}34|e size

2019/5/27 & 6/3

n=1,2,12 ,64
T ™ T T 0.4 7T
0.35 /N - 0.35 -
0.3 . 03 -
0.25 - 0.25 -
0.2 - 0.2 -
0.15 - 0.15 - 3 \

o .\.___\ 1 01 L ,.-’f \.\\
0.05 // \ i 0.05 - / \\
0 == | | I 0 = 1 |

3 2 14 0 1 2 3 3 -2 0 2
0.4 — 0.4
0.35 SN - 0.35 -
0.3 . 0.3
0.25 . 0.25
0.2 - 0.2
0.15 - 0.15 -
0.1 | " - 0.1 -
0.05 / T\ . 0.05 | - m
0 —1 | | e 0 L--r’l/(l T
n 4 n 4 n s ] A s ] n n n s ]

125 ) JR 2B




CLT: pictures 4
e (non-standardized 22 &/ L T %

Bernoulli(1/2

/ii’)ﬁ,z.r]

Lr

1.2

1L
0.8
0.6 -
04 -
0.2 -

0

- N W e O O N
T

0

hm

l
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2.5 -
2 L
1.5
1+
0.5 -

0

> \V) average of n i.i.d.

andom variables. ("~ X — 14 %
%ﬁm'l) Sample size n=4, 12, 64

TS

Al

]II\ 1 |

-02 0 02040608 1 12 14
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3. Sampling distribution and Central
Limit Theorem

3.3 Application of CLT to infer the mean (CLT
A WTEHFIH LR T 5)

* If the sample size is large enough (n = 30 or 50), CLT tells
that X ~ N(u, 0% /n)

o°/n). B
BRAOREIFIATICKREITNIE X ~N@ o?/n)
w |f the standard deviation o is known, it suffices to use CLT !

SAMPLE
STATISTICS (#f
HE)
[|mean: x
Variance: s
Stand. Dev. s
Median: m

S Infer R _~ ...

2019/5/27 & 6/3 28
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Example: approximating binomial with CLT

Flip a fair coin 100 times. Estimate the probablllt of
more 55 heads. 2.E & 7 4 > %100W %4 zf{?f) 55&]
VALENTY W) ERLDOER % a%'ﬁh‘ J:

1. Let X be the result H=heads or T=tail at the j-th toss
J@amﬂ4/& FTOEEREX, LT 5,
What is the probablllty law of X; ?
What is E (X;) and 0

2. LetSigo=X;+ -+ X1oo- Translate the question
using the random variable 5100.

3. Whatis E(S1¢90) and 05 oo
What the CLT says about 5100

4. Approximate the probablllt by a normal probablllt Y.
Kb 72 WEER % E ML %b%%$1 HARE X,
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Using the standard normal table |

RREBTH DOREML) |

* Find the probability that the standard normal variable z
falls between -1.33 and +1.33.
IR E PR R Yz &
-1.33 ¥ +1.33D M I <
b HEEFR I )
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Using the standard normal table Il

BAEER T A DR 2L )

* Find the probability that the standard normal variable z
exceeds 1.64; that is find P(z > 1.64).

RETFIRERLT I, 951.64% 48 2 HEER |I4T 5,

: P(Z > 1.64) == A1?"
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Using the standard normal table IlI

BRI A DR 2L

* Find the probability that the standard normal variable z
exceeds 1.96 in absolute value.
REERER LRz 0RTEH'1.96% 8 2 5FER 1S
T %,

e 0 196
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Finding a (non-standard) normal probability

(FRETH W) EHRMEEL2 KD S

* The time X between two charges of a cell phone is
normally distributed with a mean of 10hours and a
standard deviation of 1.5hours.

BrEEOLTMM 2 XM L, XIIHFEL108F
f ¥ A% M 72 1L.58F ] O SEFL A 12HE 9

* What is the probability that you can use the cell phone
between 8h and 12h without charging it.

EFf] ¥ 1285 12, AT TICEwEFIEL L2
5 REFR 3T b,

* Answer: P(—1.33 <z <1.33) = 0.8164
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Using the normal table in reverse

RELEHTH DR e EPAT 5

* Find the value of z; such that 95% of the standard
normal z values lie between —z, and +z,.
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Application of the normal table in reverse

WREEHTH DR EEPAT 5

* Entrance examination test: mean score 550 (0=100).
NFERB - B 53 550 A, ZERA10045.

* Scores follow a normal distribution N(550,100).
AR 413 B #L A N(550,100) 1248 9 &

* Prestigious university admits only the 90t- percentile of
the distribution (=the best 10% examinees).
L B RFIIFHOGILIK LT 2E b5, (KD
GWVWEE 2 F210%D ZEBH).

1. Whatis the minimal score to obtain in order to enter
the prestigious university?

HELRKRFIINFT L2012, AKREEIIFT 0 7
* (Answer: 678)
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