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Chapter 2:

Random varia

2.6 continuous random variab

2.6 EiuhERR

2

nle

e

Example: target and darts. fy&A —

target.

the target.

=(x,y)

* Experiment: throw a darts to the

Iy —Y 2&RITA

* Sample space: position (x, y) on

BAEM 8 TOLLELE D PR

* In this example, the sample space () is not discrete (not
countable). Itis contmuous AR P 1L 3R T e W

(Tﬁéf
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Probability of a continuous sample space

 What is the probability that a dart lands at a given

position (a, b) on the target?
T — VI EMEIZE AL E (a,b) 12K  FEF 2T ?

e P(lands at (a,b) exactly) = 0. oy
* Needs to consider landing
# < D %% 25,
 P(lands in ) =
area of

area of the target

e Random variable: measure the distance
to the center.J& & 4 &, JE 8

X: Q- R, (x,y)|—>\/x2+y2
’P(€SXS )=areain

area of target




Probability and integration: introduction
v =+ e~ 2N
HEREED: HHIL
* Needs to measure length and area etc. ™ Integration
BRI LY EHLLE, v HH
* R the continuous real line (i %t X B 4%)
0

—00 1 1 3 + oo

& 9% = '

* Open interval B X f4]: (2,3)
* Closed interval FXfM :[0,1]
 Semi-open interval 3[R f4] :

Open on left, closed on right: (—oo, —1]
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2 (B3BLY) Integral (review)

Goal: Let f:[a,b] > R, f > 0on [a,b].

Define a function F: [a, b] —» R that measures the area
between the curve and the x-axis

(B2 77 7 ¥ x-$h D O &@ta %R 5 B3kF:[a,b] > R%
FHx LW | F(x)

Notation (3.7 ):

F(x) =f f(t)dt

Fundamental Theorem of Calculus (B 7 # 0 F D A K E

[F’(x) =f(x)} fbf(t)dt=F(b) — F(a)
Ja

o &
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Probability density function (pdf) iR E R %k
Cumulative distribution function (cdf) 25 ARk

Definition (cdf): F: R — R is a cumulative distribution function ( &
a7 A B 4%) if:
1. Fiscontinuous Z&cTE: limF (x) = F(c).
X—C
2. Fisnon-decreasing 383k c < d = F(c) < F(d).
3. lim F(x) =0 and lirll F(x) = 1.
X—>100

X——00

4. 0<F(c) <1

Definition: X: () = R is a continuous random variable if:

There exists a (probability density) function /: R = R., such that,
for any ¢ € R the function F(c) is equal to P(X < ¢).

C
F(c)=P(X <c¢):= J f(x)dx
is a (continuous) cumulative distribution_function (cdf).
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Visualization A fR1E

@)
Area E*1&
/\F(az) = P(X <)
— g
odf f(x) (PEFRFE ) andcdf F(x) (%’Zﬁ A P 2%
1 (@)
Area H*1&
/\ Plc< X <d)

>

c
pdf f(x) (PERFEE) and probabilityfunct%n G EILHES)
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Properties of pdf (FEERZEREMDIMLEE)

* Positivity 1EAETE: f(x) =0

* F'(x) = f(x) (fundamental theorem of calculus)
(At 7 D A IE)

+P(c<X<d)=["f(x)dx=F(d) - F(c)

1 fjozo f(x)dx =1 (pdfhasmass1 #FEFEFELEX12
HE1Th5)

2 j+oof(x) dx = 1

Means that the orange
areais 1

/ ALUOCEEK1IENS

| X
v 9
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Comparison with discrete random variable

RS 2 B LB

* Probability density function (pdf) f (x) for a continuous
random variable is the analogue of pmf (probability
mass function) p(x) for a discrete random variable, but
W SR PER R AT T 5 AR BT K BAf (x) |3 B
EERITHT AR =M p(X)ICHAMT 5 &
W TEH W 27

1. Pdf f(x) is NOT a probability. You have to integrate to
take the probability.
R MRS () R Tl 2, R AR T
LDl a2 Y bLE0H 5,

2. Inparticular f(x) > 1is not a problem.
Bris, f(x) > 14 HhiF 5,
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Questions. Check understanding |

Which of the following are graphs of valid cumulative

distribqtionfunctions? ) o
T 770F, WY /JEEABTH LN,

Test 1 Test 2 Test 3 Test 4

e Answer: 2 and 3.
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Questions. Check understanding Il

1. Suppose X has range [0, 2] and pdf f(x) = cx.
(3248) #EEERXOMEIIL[0,2] T. 20 FEE
PAZf(x) = cxTH 5 (=4Kcld R%)
a. Whatis the value of c.
b. Compute the cdf F(x).
c. ComputeP(1 < X < 2).
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Questions. Check understanding Il

2. Suppose Y has range (1&3R) [0, b] and cdf F(y) = y?/9.
a. Whatis b?
b. Find the pdf of Y.

3. Suppose X is a continuous random variable.
a. WhatisP(a < X < a)?
b. WhatisP(X = 0)°?
c. DoesP(X = a) = 0 mean X never equals a?
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Chapter 2: Random variable
2.7 Some important continuous random
variables (2.7 KB1ERBERLTE)

. Discrete  (B&%) * Continuous (i 4t)
* Bernoulli(p)
NIV X — A
* Uniform(n * Uniform(a, b)
Unif orm(n) < p U
* Binomial(n,p) * Normal(u, c?)
“ IR A 28 g EART A
. Geometric(p) * Exponential(4)
A
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Uniform distribution (—%£43#7)

* X ~ Uniform(a,b) (orX ~ U(a, b))

1. Parameters: a,b 0,ifx & [a,b]
2. Range (#EIR) : [a,b]

3. Pdf (density): f(x) =1/(b—a) If x € [a, b]
4. Cdf (cumulative distribution function ):

Fx)=(x—-—a)/(b—a), a<x<bh
5. Models: all outcomes in the range [a, b| have equal
probability. ftiR[a, b]IZ BT 5 T X TDEERITIFE U

PER TR Z 5,
1]
h—a f(x) F(2)
1 _
X /
a b a b
pdf cdf
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Exponential distribution $§%t4% %

* X ~ Exponential(1) (orX ~ Exp(A))
Parameter A > 0

Range [0, o)

Pdf (density): f(x) = 2e™* forx > 0.

Cdf (cumu!cative distribution function):

F(x) = j le Mt dt = [—e‘“]z =1—e M
0

= w e

5. Model: waiting time for continuous process (i£ %t % f2

f(l‘) — )\e—)\;r. L: }3 L’)‘ % 'f%& 2 H%Fa‘j)
A\

1T T T T T T 1
2 4 6 810121416
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—— ) ¥

(Exponential distribution) Example |
PR e
* Average waitingtimeina ° > .’ NEs R
qgueue for a taxi at Shinjuku % % | " '
station after the last train is E;é =18
10min. -
KT IR I IBERD
57 =R FTHIC ' | -
T A TROK 1L -F e W 10
12107 Th 5,
e Suppose time spent waiting for a taxi is modeled by an
exponential random variable
77— 2 RFORMIIEE A AW ETILEINS
YRET 5, ,
X
X ~ Exp(1/10), f(x) = 1—06_1_0
a. Sketch the pdf of this distribution 2 D "% D HEE F K
Bacd TZ X8 L,
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(Exponential distribution)

b. Shade the region which represents the probability of waiting

between 3min and 7mi

N A e R Y T A A D

taxi

Compute the probability of waiting between 3 and 7min for a

3 LTRMICY 7L — 2 EFEOER L K L,

Compute and sketch the cdf

ZRA A2 LD TTFTEZ 38 L,

+PEB <X <)

» L

T 1 T T T T 1
2 4 6 810121416

JF(:E)zl—e_“:/lo

T T T T T T 1
2 4 6 8 1012 14 16

Answer (c): PB3<x<7) = f371—106_5 dx...=.244
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Normal (Gaussian) distribution IE X873 %n

* X ~ Normal(u,0%) (orX ~N(u,0%))

= W e

Parameters: u, o
Range f&i%: R = (—oo, +oo)

Pdf (density): f(x) = - m e~ (x-W?/20°

Cdf (distribution): No formula for F(x). We use table
or approximations to compute probability.

F(x) nxHE N, EELAETLBICKT 23R
PAEA R T 5,

Models: measurement error, height, averages of lot of
data.

TTFIN I BREDOME, FRELOKRR LT 5D
F3
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Standard normal distribution #Z2#£ 1F ¥H 93 1

e Standard normal distribution (£% Z& £ 38,54 )

* Very important special normal distribution commonly

denoted Z.
EFICRKREHEN L ERSH T, LRIZZTET,
« 7 ~N(0,1)

x2

* Pdf (probability density function) f(x) = \/%_n e 2

e Cdf (cumulative distribution function) commonly
denoted d)(ag) (instead of F(x)).
ZR AT EERIZO(x) THT,

* Theorem: If X ~ N(u,0%) then Z = =L N(0,1)

o
* Proof: 2EBH : change of variable ("R A2 %)
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Graphs of pdf and cdf |

0.5 ;

density

o

.0

1.0

Cumulative prob.

0.0

Standard normal density

0.5

density
04

o

0.0

Normal densities

== 0=05

_— o=1
- Yl

e We'll see later thatin a
Normal(u, o?) distribution,

1 is the mean (=expected
value)
o2 the variance

21



Normal probabilities |

Normal PDF

—3c —20 —0 o
e Rules of thumb (7= \ 7=\ B %)
e P(—-1 <Z < 1)= .68,
e P(—2 < 7Z < 2)= .95
+ P(-3 < Z < 3) ~ .997
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B within 1- o ~ 68%
|| within 2 o ~ 95%

within 3 - 0 = 99%

20 3o

Z=X—uj/o
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Normal probabilities Il

e Use of the symmetry of the density of N(0,c2).
N(0,02) D FE MK D2 Fo 4 2 ¥
fx) = f(=x)
* Example: The rule of thumbsays P(—1 < Z < 1)
.68. Use this to estimate ®(1) (answer d(1) = 0.84)

P(-1<Z<1)

P(Z>1)
34

— 1
 Answer: ®(1) =P(Z<1)=PZ<0)+P(0<Z<1)

. P(OSZSl)=%P(—1SZS1)z%-O.68zO.34
« ®(0)=P(Z<0)=1/2, ®(1) ~ 0.5+ 0.34 ~ 0.84
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Chapter 2: Random variable
2.8 Expected value and variance (continuous

case) HAFFIEE DT (EHRZDIGE)

* Expected value: Measure of location, central tendency
BLE DRI @

« X continuous random variable with range [a, b] and pdf
(= probability density function #% £ & B P4 3%) f(x):

b
E(X) = J x - f(x)dx
a
* Review: If X is discrete with values x4, ..., x;; and pmf

(=probability mass function ## £ g = B 3%) p(x;) then
EOO = ) xip(x).

i
* View these two as essentially the same formula.

BT E2ENWEWE LR LA L TE vy
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Variance and standard deviation
DEEIEERE

* Measure of spread, scale

* For any (discrete and continuous) random variable X
with mean (=expected value) u = E(X),

Var(X) = E((X — w)?), o =+ Var(X)
X continuous with range |a, b] and pdf f(x):

b
Var(x) = j (x — 2f (x)dx

* Review: If X is discrete with \41alues X1, ., Xy and pmf  p(x;)

Var(x) = ) (i = *p(x)
=1

* View these two as essentially the same formula.

BT W nE DR e L TE vy
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Properties of expected value and variance

* Exactly the same as for the discrete case |

WD EYL ZE -5 )R Ut |

M~

EX+Y)=EX)+E()
2. E(aX+b)=aEX)+b (for numbers a and b)

1. If X andY are independent, then
Var(X +Y) =Var(X) + Var(Y)

Var(aX + b) = a*Var(X)  (for numbers a and b)
Var(X) = E(X?) — E(X)?

wON
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Practice Exercise

The random variable X has range [0,1] and pdf f(x) = cx.
a. Findc.

b. Find the mean(=expected value), variance and
standard deviation of X

XD E(=FE), 28 RERE L KD L

c. Suppose Xj,...,X ¢ are independent identically-
distributed copies of X. Let X be their average. What
is the standard deviation of X?
(@ab 5)A3 A B )XY B CIRSLRE] A 12 3E ) vk
BER X, X162 T 5, X%%mfri’mﬁ?x
BET 5, ROBRIE A1 1,

d. Suppose Y = X% Find the dfon

Hint: Start by expressing P(Y < x) in function of P(X <
gc1;4 then.....)j 7 7 ( Jinf P



Solution
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Expectation and variance of U(a, b)
— RO DOYPFEENE

* X ~ Uniform(a,b) (X ~U(a,b))

-E(X)—f X - f(x)dx—fndx—ﬁfxdx
1 xzb_ 1 (b*—-a*\ b+a
~b—al2] b-a 2 2

b+a

 Var(x) = E(X?) — E(X)? = E(x?) — (229)°

b 2
*E(X?) = [ 2f(x)dx—f—dx—ba[ ]
1 b3—-a? b2+ab+a
b—a 3 3
b%+ab+a? B (b+a)2 _ ... (b—a)?

3 2 12

* Var(X) =

2019/5/20 & 5/27 Essential Math. |
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Expectated value and variance of Exp(A)
ERA M OEFESTR

« X~Exponential(A) (X~Exp(A))

« E(X) = foooxf(x) dx = foooxxle_)‘xdx

* Integration by parts (7 a7 2 F W THIT %)

5

e—Ax
—-A

c E(X) = [—xe"lx];o — foooe_’lx dx =0 — [

> | =

1
* Var(X) = E(X?) -
« E(X?) = fooo xZle M dx

* Integration by parts..2 times 2@ 5% %) E(X?) = 2/12
1

° VClT(X) = )._2
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Expected value and variance of N(0,1)
SEERTMOEFIEESE
« X ~N(0,1) (X ~ Normal(O,l))

x2

c E(X) = f “x fx)dx = vl_nfjooxe_7 dx
e Integration by substitution (IR 7% D & %)

72

¢ E(X) :\/%_T[[_e_? oo = O

s Var(X) = [*7 x? f(x)dx — E(X)Z

+co + 00
[ f@dx = = [*7 57
* Integration by parts : Var(X) = 1

ede
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Expected value and variance of N(u, 0%)

* Use Theorem page 20, the properties of E(.) and
Var(.) of page 26, the results of the previous page to
show that:

N—=V 20N EHE, R—=U26DE()¥Var()DHY.
MDN—YDERLE > TRT DML A L,
if X ~N(u,0%)then E(X) = pu,and Var(X) = ¢?

. ) X —
e Hint: Use the random variable Z = =—£.

+ E(2) = ’

e Var(Z) =
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