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Chapter 2: Random variable
2.1 Discrete random variable

B MREH 2 1HHEREHR

* Experiment, sample space (), probability function P(.).

Ko, BRAEM. EFHEK

* A sample space () is discrete if it is finite, or “listable”
() = {(l)l, Wy, W3, }
Can be indexed by 1,2,3,... o .
BAEMIIA L 2137 5% 5By v,

 Arandom variable X on Q is a function from the sample
space () to the real numbers. X:0-R

EARER O 6 FRARRN O FARAIFERE L L W
7 o

« “X =a"istheevent{w € Q| X(w) =a}
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Example: bet on dice baco1

* Roll two dice, let (L j) be the outcome.
B %430 % ZOR-> T, BRE2UNHEE L

e Bet! & 17!
e win $700ifi+j =7 ($7004°% 7= %)
* loose $ 100 otherwise. ($10048 % ¥ %)

* Define the random variable X as follows

ATDX)IHERRREXLT 5
- X((i,))) = 700 ifi+j=7
- X((i,j)) = —100 ifi+j=7 .
« “X = 700" is the event: @
{(1,6),(3,4),(4,3),(6,1),(5,2), (2, 5)} =
 Thus P(X = 700)= 6/36=1/6.
« “X = —100"=(X = 700)¢ thus P(X = —100) = 5/6
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Probability mass ( ) function (pmf)

RS (7 E)ER

X arandom variable on a discrete sample space ().
PR A EFH QO EDER R E2XY T 5,

* Givena € Rlet p(a) = P(X = a). This defines a
function: p: R — [0,1] called the probability mass
function (pmf) of the discrete random variable X.

M&p:R - [0,1]% E & L. SEGCESR LN DR
5 AR AN I

« Example: rolling two dice, let (i, j) be the outcome.
Random Variable M: M(i,j) = max(i, j).

e M is a discrete random variable and its pmf is

value a: 1 2 3 4 5 6

pmf | p(a): | 1/36 | 3/36 | 5/36 |7/36 |9/36 |11/36

Law of total probability: &2st £ »ixal: ¥6_.P(M =a) =1
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Event defined by random variable’s inequalities

ERTHDIFXICEDIERINSS

=R

* Let roll 2 dice and denote (i, ) the outcome.

H 4203 ZO8F L TERLGHEEL,

* X(i,j) =i + j isarandom variable.
* The probability mass function (*£ % g & B 3%) of X is:

back23
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e Definition: ‘X < t’istheevent{ w € Q| X(w) < t}.

* Example above:

X <4={(1,1),(1,2),(2,1),(1,3),(3,1),(2,2)}
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Cumulative distribution function (cdf)

BIRTMER

e Let X: () > R be arandom variable on a discrete
sample space ). BEFAEARAZHQELNDER L L LXY T 5

* The pmfis defined as p(a) = P(X = a) and the cdf is
defineda F(a) = P(X < a).

« Example (two dice rolls, M(i,j) = max(i,j) ).
p(a) = P(M = a), F(a) =P(M < a)

value a: 1 2 3 4 5) 6
pmf p(a): 1/36 3/36 5/36 7/36 9/36 11/36
cdf F(a): 1/36 4/36 9/36 16/36 25/36 36/36

« F(0) =0, F(1) = 3—16 F(1.5) = 3—16 F(5.1) = g
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Cumulative distribution function (cdf) Question

e Let X be a random variable.

Valuesof X a 1 3 5 7
cdf F(a) 0.5 0.75 0.9 1

1. Whatis P(X < 3)?
a) 25 b).5 c) .75 d) 1.25

2. WhatisP(X=3)?
a) .25 b).5 c) .75 d) 1.25

* 1. Answer: (c)0.75 P(X <3)=F(3) = .075
» 2. Answer: (a) 0.25 P(X=3)=.75— .5=.25
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Graphs of pmf and cdf

(cumulative distribution function B2 fmEi%k)

* Experiment: 3 tosses of a coin.
e X: number of heads. H » ®13%

* p(a)=P(X =a), Fla)=P(X <a)

3/8 -
1/8 - ‘

pmf p(a)

]__4
7/8 -

4/8 -

1/8 -

— I |
0 1 2
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Valueofa |0 1 2 3

pmf p(a) 1/8 3/8 3/8 1/8

cdf F(a) 1/8 [4/8 |7/8 |1
3/8 -
1/84 @

0
1 Gmmm——
7/8 - Guum—
4/8 - Omm——
cdf F(a)

1/8 — Om——




omf and cdf of another rv (random variable)
FIADERLTROHERESHHERTH ME

Roll two dice, (i,j) an outcome, X =1 +J.

a 2 3 4 5 6 7 8 9 10 11 12
p(a) 1/36|2/36|3/36 |4/36 | 5/36 | 6/36|5/36 |4/36|3/36|2/36|1/36
l1-—-—------—--"""""="-"-"-"-"—-"—-—"—"——- i, — —-
33/36 — -
30/36 — -
pmf p(a) 26/36 — —
21/36 — PR
15/36 — [
10/36 — -~
6/36 - 6/36 — -~ cdf F(Cl)
3;32 3 3/36 — -
%ﬁg - o * * B 1/36 4 e&— :
1 2 3 45 6 7 8 9 101112 2 3 4 5 6 7 8 9101112
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Ch.2 Random variables
2.2 Some important distributions

N7 Lo —HHEE S Uniform(n
O =1{1,2,..,n} same probability foralli: P(X =i) =1/n

s A FEpD b X — A g
* Bernoulli(p) =1 (success; with probability p

O (failure) with probability 1 — p
(coin toss) = 1 (HEADS) with probability
0 éTAILS) with probability 1p_ D

o I A
* Binomial(n, p) = Nbr. of successes in n independent
Bernoulli(p) trials.

= Nbr. of HEADS in n tosses of a coin.

. RATH
Geometric(F) = Nbr of TAILS before 15t HEADS in a
sequence of independent Bernoulli(p) trials.
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1t example: Bernoulli(p) NJLX—A 7

* X ~ Bernoulli(p)
Read: “X follows a Bernoulli distribution with
parameter p”

HEEEEXIIRAFEpD NIV X — 4 A IHE I
e Experiments with 2 outcomes: Success=1 or Failure=0
« Sample space is divided into: Q = {X = 0} U {X = 1}.
* Probability function: P(X =0)=p, PX =1)=1—-p,

pla) F(a)
1 - Omumm——
P H o
l-p4 @ 1 —p- Ou—
0 1 0 1
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219 example: Binomial(n,p) —IES

X ~ Binomial(n,p)
* Parameters (#3%X) :n nbr. of independent Bernoulli
trials with parameter p. ‘ N
BAFEpD NI R — 4 DIk D FRAT @K
* ‘X =k" w ‘ksuccessesin nindependent trials’
BAFpD NIV R — A FUT L RZLIInEIT > L L ED
BACE I’ THLEFRE 2 RT

e Example: 5 tosses of a coin (= 5 Bernoulli(p) ) P(H) = p.
 Sample space: {HHHHH,HHHHT, ...,TTTTH,TTTTT}

o ! "={HHTTT, HTHTT, HTTHT, HTTTH, THHTT,
THTHT, THTTH, TTHHT, TTHTH, TTTHH}

e All of these 10 outcomes have the same probability:
P(w) =p?(1—-p)3,  foranyw €’
e Thus: p(2) = P( ) = 10p*(1 — p)®

2019/5/13 & 5/20 13



Pmf of a Binomial(n,p) ZIENF DiERE =R

* More generally: X ~ Binomial(n,p)

 P(X = k) = (number of all combinations of k
successes out of 7 trials)X p* (1 — p)™~*.

p(k) = P(X = k) = () p*(1 — p)»~*

* Total law of probability: (#AFEFE 0 E7] Lecture2, p.17)

Z p(k) = Z (Z) pk(1—p)*k =1.
k=0

k=0

* Why this is true? w Binomial Expansion =78 /&
c1=(p+1-p)" =@+ " =3r(pkq"*

2019/5/13 & 5/20 14
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Binomial’s pmf and

cdf (cumulative distri-
bution function £f#& 5 %)

. . 1
* Binomial (20, E)
* Binomial(20,0.7)
. . 1
* Binomial (40, E)

* This “bell-shaped” is
characteristic (discrete
version of Gaussian
distributions)

NI - Hh—T (W
wWik) 24T, ERS
DB A v

-

\:::7’)/( %)\’\\’\o
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3rd example: Geometric(p) {5 1h

X ~ Geometric(p).

* Sample space: infinite independent Bernoulli trials with
success probability p
BROBELZDORIARpD NIV X — 4 R AT

* Probability mass function (pmf):
P(X = k) = P (k-1 first trials fail, k-th trial succeeds)
P(I A D k-1C1 D AT 12 KX, Hk= B 12 R))

PX=k)=QQ-p)"'p.

* Example: soccer player goals 9/10 penalty kicks in average.
Yy —EFII9/10TXFINT 4 X v 7 2k b,
Let X be the number of times she succeeds before her first
fail. #7166 T T — IV KB A AT T — )LD 3 12wk,
X ~ Geometric(1/10)

Shot a fails 1 |2 3 4 5 6 7 8 9 10

p(a) 1 1.09 .081 |.073 |.066 |.06 .053 |.048 |.043 |.039

2019/5/13 & 5/20 16




Pmf and cdf of a Geometric(p)
M HDEEEE[HMERBEL HEK

1_»' ﬁ
Pr—
P —
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Probability mass function (left) and cumulative .
distribution function (right) graphs of a Geometric ( )

Geometrw( )@Eﬁi 2R L)y BH 9 A%
(%),
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Ch.2 Random variables
2.3 Operations on random variables

e X,Y:Q - R two random variables (*#F £ 3k D 2-)
* X(w) and Y(w) are just numbers | 7= 7= FE £ 7= |

X(w) - Y(w), X(w)?, /X(w) etc. are other numbers.
e XY, X2 /X etc. are random variables.

* Addition: (& L &)

X(w) + Y(w) is another number...

w= X + Y is also a random variable

* Division (¥] ) %)

If Z(w) #0 then X(w)/Z(w) isanumber
3X(w)

Z(w)
w=\\Ve can define the random variable V = — + Y?.

+ Y(w)? is also a number.

 Example:

2019/5/13 & 5/20 18



Sum of ind. Bernoulli(p) = Binomial( . ,p)

 Experiments: 5 tosses of a coin. I 4 v & If5&

* Assumption: P(H) = p. All toss are independent.
RE - ROHEFRIIp. T4 VZIFIIZ W ITiRZ,

* Sample space: Q = {HHHHH,HHHHT, ..., TTTTT}
X;: result of the i-th toss (0=T, 1=H) %i®E N &%

* Y:numberof H (& D ©3%k)
Y =X1 +X2 +X3 +X4_ +X5

For example, if w = HTHHT then
e Xi(w)=X3(w) =X4,(w)=1 and
* Xz(w) = X5(w) =0.
* Therefore YV (w) = 3.
What is the distribution of Y: Y ~ Binomial(5,p)

What is the distribution of X;: X; ~ Bernoulli(p)

2019/5/13 & 5/20 19



Sum of two independent Binomial( . ,p)
W DEINBEpDORNIILX—AFEREH DD

e If X ~ Binomial(10,p) and Y ~ Binomial(7,p).

* Assume that X and Y are independent.
X CYIIIRSL e Z I A 1248 ) PR R

e What is the distributionof X +Y? X+ YDA 1x?

* Answer: Previous slidee X = X; + X, + --- + X4

*Andw Y=Y, +Y,+:-+Y,

* Y;,X; ~ Bernoulli(p) . Mutually independent
ZWITIRE T h 5

cX+Y=X;+-+X9+Y; +--Y;,sum of 17 independent

-Bernoulli variables. ‘
+YIIZNIIRZDIT DO Dp NI X — A Z A Fad Fa .

* Previous slide|X + Y ~ Binomial(17, P)]-

« £% . IfX ~ Binomial(n, 10) and Y ~ Binomial(n, q)
then X + Y is not a binomial(n,p+q)

2019/5/13 & 5/20 20



Ch.2 Random variables

2.4 Expected value BA{F{E

* Roll a 6-sided dice. What is the average value?
a)3 b)3+1/3 c)3.5 d)3+2/3 e)4

Bet ! # 17 | (slide 4)

* Two 6-faces dice are rolled. Result :i,j
6EY 4 20t —OWRE, &R

. Win 700$ifi+j =7,
otherwise loose 1008$.

w  How much do you expect to win on average per trial?
BATZ X2 FHIc e N b wb ey S 7250 2 3FT
5o, BlZIE, BITEENZ 2 L, BEREXG)) =
700 (i +j=7)or =100 (i + ] #7) %49,

100

* Answer: %(P(X = 700) - 700N — P(X = —=100) - 100N) = —=

2019/5/13 & 5/20 21



Expected value. Definition 1

e Given a discrete random variable X: ) - R from the
sample space (), its expected value is:

[ E(X) = z X() - P(w) ]

wE()

* In the previous page example: sample space is

Q={(1,1),(2,1,(31),..,(61),(62),..,(6,6)}.
. X((G,)))=700 ifi+j=7,
and X((i,j)) =—100 ifi+j+7.

1
. E(X) = 700 (zlﬂ , 36) ~ 100 (ziﬂ-ﬂgg
30 700—-500 200 100

= 700 - ——100 = —=—
36 6 6 3
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Expected value. Definition 2

If X is a random variable that takes the value X1, X2 ) o

E€$ %Ziix i L..xl,xz, .

Xp e ¥ 5 Y X

-

n

E(X) = 2 X p() = ) XP(X =),

=1

=1

* Example: X ~ Bernoulli(p). What is E(X)?
,P(X=1).1+4P(X =0).0

*EX)=1-p+0-(1—p) =p

* Sum oftwo dice: Y(i,j) =i+ (slide6). Whatis E(Y) ?

back26

» Xn

a 2 3 4 5 6 7 8 9 10 11 12
p(a) 1/36 |2/36|3/36 |4/36 |5/36 |6/36|5/36|4/36|3/36|2/36|1/36
. E(Y)=3—16(2+6+12+20+30+42+40+36+30+22+12)

- E(Y)=252/36 =7.

2019/5/13 & 5/20
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b)

Would you accept a gamble that offers a 10% chance
to win $ 95 and a 90% chance of losing $ 57?
$50E % 3“ 5HEFEI0% Y $954°Y f. 5 FEF10%
DEEFIZHET 5 A

Would you pay $ 5 to participate in a lottery that
offers a 10% percent chance to win $ 100 and a 90%
chance to win nothing?

$1000°% 7= 5FEFE10% AT & 72 5 L WhEF
0% N EL LIt d 5 L 91235%449 7,

* Find the expected value of your change in assets in
each case.

A Y YNERE S L T I R A N

* Answer: Both a) and b) are same: E(X) =5
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Computation of E(X)

* We have: E (X) = ),; x; p(x;)

e Given any numbers a and b: 33ka,bixt L T :
1 E(@aX+b) = aEX) + b

2. EX+Y)=EX)+EY) (even whenX and Y are
dependent. X &Y (27%2 TZ ( T3 K ) Z2).

e Given a function h (for example h(x) = x?)

3 [E(h(X)) = 5 h(x) px)| (=5x?p(x:))

2019/5/13 & 5/20 25



Examplel. E(Binomial(n, p)) =np

* X ~ Binomial(n, p).

* Find E(X) (rememberthat X = X; + X, + -+ X,
where X; ~ Bernoulli(p)).

« Answer: Slide23w E(X;) =p

* Previous slide, Property 2:
E(X)=EX{) + -+ EX,) =np

Example: (Slide 14)

Binomial(20,0.5) E(X) = 10
Binomial(20,0.7) E(X) = 14
Binomial(40,0.5) E(X) = 20

0.00 0.05 0.10 015 020 0.25

.......
000000000000000000000000000
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Example2. Change seat.
Report Exercise 3

* Suppose that people sit around a |
table, got up, turn around and sat ..
down again randomly. e IJ ' b
T—7IWEHATELAD, Lo «-)lu&-ﬂ‘
WX 7V LIHTFICES, | ———= =3

 What is the expected value of the number of people sitting
in their orlgmal seat?

TDRTF N - - AN DBAFENIAFT 5 2

* Hint: Define X; the random variable as X; = 1 to be the
event ‘i-th person has the same seat” and to be the
event ‘ " Whatis the
distribution of the X;?

TAB I UFTFIZEB 2X, =15 L, IABIFOR
ICHEB X, =08 TE3HFLEHRLEZRYL, o .
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Practice computation St&E & E . E(X?)
e Roll a 6-sided dice and let X be the value. Let Y = X?Z.

X 1 2 3 4 5 6
Y 1 4 9 16 25 36
prob 1/6 1/6 1/6 1/6 1/6 1/6

* Compute E(Y).
) 1 1 1 1 1
'E(Y)ZE(X )=g°1+g°4+g'9+g'16+g'
25 +%- 36 = 15.167.

2019/5/13 & 5/20



Expected value of Geometric(p) a5 # D £ 15E

* If X ~ Geometric(p) then_
EO0 = ) (1-p)'p
k=1

It‘s a mathematluan S JOb to compute that...
SOOI RHEURFLEORFTH L, |

We find: E(X) =;—1.

Example: (slide 16)
Soccer player goals 9/10 of its penalty kicks. In average how
many times she will goal before she misses one for the first

time?
Yo —EFIZI09DIDNFILT 4 F v 7 hiED D,

%ﬁ%~\ﬁbf/a/b§%&?%w w7 — )L
B AHH 7

* Answer: Let X be the number of times she goals before she fails.
Then X ~ Geometric(1/10). Thus E(X) =10—1 = 9.
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Chapter 2: Random variable
2.5 Variance of discrete random variables

B HREY 25 BREEZEMOHE

* X a discrete random variable with mean E(X) = 1.

X 2 MAFE=FHHEEX) = un BRFEE LR YT 5,

* Meaning: spread of probability mass about the mean.

BR HEGEOFHMESL ) 0 L XHS TR,

* Definition as expectation of the random variable (X — 1)?
Var(X) = E((X — p)?) = EX?) = 2E(Xp + 1 = E(X?) — 12

 Computation as sum:

Var(x) = ) p(e)(x; — 17’
=1

» Standard deviation EERE ¢ =/ Var(X).

2019/5/13 & 5/20 30



Question (understanding concept)

The graphs below give the pmf for 3 random variables.
VAT D77 7 3MERROERE T2 =2k T,

Order them by size of standard deviation from biggest to

smallest.

(A)

(C)

2019/5/13 & 5/20

(B)

RIS LN R w2 2 7B L

||— | T T j €
1 2 3 4 5
1. ABC 2. ACB
3. BAC 4. BCA

5.CAB | 6.CBA

31



Example: computation from a table (l)

 Compute the variance and standard deviation of X.

valuesx\ 2 3 4 5
pmf p(x) [ 1/10 2/10 4/10 2/10 1/10

 Start by computing the mean (=expected value):

_ 1.4 12 8 5
FT10710 710 10 T 10

* Then add a line to the table for (X — 1)?.

values X 1 2 3 4 5
pmf p(x) | 1/10 2/10 4/10 2/10 1/10
(X —p)? | 4 1 0 1 4

. Compute Var(X) E((X ,u)z) and o = /Var(X).

E 4+— 1+— 0+— 1+— 4=12, o=+12.

2019/5/13 & 5/20



Example: computation from a table (Il)

 Compute the and standard deviation of X.

valuesx‘ 2 3 4 5
pmf p(x) [ 1/10 2/10 4/10 2/10 1/10

* From the previous slide: u = 3.

e \We can use the other formula for the
= E(X?) —p?
1

.E(XZ)=1.i+22.i+32.i+42.£+52._
10 10

CEX) =4+ S 4 2 =22 =102
10 10

=E(X?)—12=102-9 =

2019/5/13 & 5/20 33



Question

* True or False. If Var(X) = 0 then X is constant.
b LVar(X) =061, XIEARETH 5,

1. True 2. False

* True: Var(X) = Y- p(x;)(x; — )% = 0.
e Foralli, p(x;)(x; — 11)? = 0.

* Therefore either p(x;) = 0 and the event X = x; never
OCCUTS, .........

e ...orp(x;) >0andx; —u=0.
* Thus, x; = ynand X = u (is constant).



Operation on variances SEI~DEEE

* If @ and b are any numbers then & D Fxa ¥ hlxt L T
Var(a X + b) = a*Var(X), O.x+n = |a| - oy

e If X and Y are independent random variables then
XEYRIBRLOMERERET S L !
Var(X +Y) =Var(X) + Var(Y).

* Proof (3EBH): follows from the same properties for the
expectation.

SRR AR ORI A EE L/ O N AKRATH 5,
(wslide 25)
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Variance of Bernoulli, Binomial, Geometric

1. X ~ Bernoulli(p) then Var(X) =p(1 — p).
Proof (EEBA) E(X?) =0%-(1—-p)+1%2-p=p
Var(X) = E(X*) —E(X)* =p—p* =p(1 —p)

2. X ~ binomial(n,p) then Var(X) = np(1 — p).

Proof (REBA) X = X; + - + Xy,
X; ~ Bernoulli(p) independent
Var(X) = Var(X;) + -+ Var(X,,) = nVar(X;) = np(1 — p)

3. X ~ Geometric(p) then Var(X) = 1p_—p (no proof)

2
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4. X ~Uniform(n) then Var(X) = E(X?) —EX)? =

F %) — zlz X = l)__<2.> 1n(n+1)6(2n+1) .

i=1

Review table of distribution &8

0 8 3R, WEHEMK MAFE

LS

Distribution range X pmf p(x) mean F(X) | variance Var(X)
Bernoulli(p) 0,1 p(0)=1-p, p(1)=p p p(1—p)
. . (Y n—k

Binomial(n, p) | 0, 1,..., n | p(k) = (k)p (1—p) np np(l — p)

: 1 n+1 n® —1
Uniform(n) 1,2,...,n p(k) = - 5 5

I — I —
Geometric(p) 0,1, 2,... p(k) = p(1 — p)* b 2p
p p
2019/5/13 & 5/20 37




Review table:

and variance
B EEDE DF

expectation

P OE.

Expected Value:

P (E

Variance: @\%i

Synonyms: ¥

mean, average J-34(E

Notation: 3‘6%

E(X), p

Var(X), o

Definition: i %

E(X) = Z p(zj)z;

E((X —p)?) = % p(z)) (e — p)*

Scale and shift:

EaX +b)=aE(X)+Db

J
Var(aX + b) = a’Var(X)

Linearity:

&R Tk

(for any X, Y)

(for X, Y independent)

EX+Y)=EX)+ E(Y) | Var(X +Y) = Var(X) + Var(Y)

Functions of X:

E(h(X)) = >_p(z;) h(z;)

Alternative formula;:

VNN

Var(X) = B(X2) - E(X)?2 = B(X2) — 2
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Exercisel (Report Exercise 6)

e E(X+Y)=E(X)+ E(Y)istrueevenif XandY are
not independent. Why do we need independence of X
andY forVar(X +Y) =Var(X) + Var(Y) to be
true ?

XYYIIRZTL S TCEEX+Y)=EX)+E)»®
o, —F. Var(X +Y) =Var(X) + Var(Y)
HELLSTHL910, XYY e RN dH

X7 12H
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Exercise 2 (TO DO in Class)

 Arandom variable X takes values -1, 0, 1 with
probabilities 1/8, 2/8, 5/8 respectively.
(a) Compute E(X).
(b) compute E(X?)
(c) Compute Var(X).
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