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1. Basic Probability ff 32 5
1.2 Probability rules 3
Probability cast (B21%)

* Experiment: a repeatable undetermined procedure.
Fim (GUT) B hRES, EEIN TR WFIE,

* Sample space: Set of all possible outcomes ().
RAEN & TOTRLEZDESL,

* Event: a subset of the sample space.
FRIBRRORTESE,

* Probability function, P(w): gives the probability for
each outcome w € (.
ENFNDOLERICHERLE ) H 5,

1. Probability is between 0 and 1.
2. Total probability of all possible outcomes is 1.
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Example:

* Experiment: toss a fair coin, report heads or tails.
S VR Ry ECVRLEDERET B

« Sample space (2 A=) :Q={H,T}
* Probability function: P(H) = 0.5, P(T) = 0.5.
e Another experiment: toss a coin 2 times.

* Sample space: Q ={HH,HT, TH,TT}
* Probability function (using table):

e T T T TR
Probabilty 1/4 1/4 1/4 1/4
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m@EwMdS Events, sets and words

: toss a coin 3 times.

* Which of the following is the event “exactly two
heads”?

a. A={THH HTH HHT, HHH}

b. B ={THH HTH, HHT}

¢. C={HTH THH}

(1) A (2) B (3) C (4)A or B

Answer:
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B@EEEMNS : Events, sets and words

* Experiment: toss a coin 3 times.

* Which of the following describes the event
{THH,HTH,HHT}

1. “exactlyonehead” k4L r 7 ¥ 1™
2. ‘“exactlyonetail”Z»’L r H ¥ 1w
3. “atmostonetail’ €% { T3 1™
4. Noneoftheabove YN T#3E 7w
Answer:
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BfEEENHB Events, sets and words

* Experiment: toss a coin 3 times.

* The events “exactly 2 heads” and “exactly 2 tails” are
disjoint.
(6 0 o FRZWIZE= . o Rbh2EHELLWV)
(1) True (2) False

e Answer:

* The event “at least 2 heads” implies the event “exactly two

heads”.
(1) True (2) False

e Answer:
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Probability rules in maths notations
HFMFEL =S CTDMERE

e Sample Space  (FFEARZEM) :Q = {wy, Wy, ..., Wy}
* Outcome (45K) 1w € Q.

* Probability between0and1: 0 < P(w) <1

* Total probability is 1:
?=1P(w]') = Zwegp(w) = 1.

cEvent (%) AcQ: PA) =Y, P(w).
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Probability and set operations on events
HERLZRADIER

* Threeevents 4,L,R c Q0 (Q: sample space)
* Rule 1: Complements (# % &) P(A°) =1 — P(A).

* Rule 2: Disjoint events. (Z\WIZHZ THLHZH)

e If L and R are disjoint then
P(LUR) =P(L) + P(R).

* Rule 3: Inclusion-Exclusion principle (€L /R 32)

* Forany L and R:
P(LUR) =P(L)+P(R)—P(LNR).

©0 @

Rule 1 Rule 2 Rule 3
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Rule 1: example of application

* You roll a 20-sided die 9 times. ‘
E20@KD X W2 5 %2984%IT 5,

* Event A: there is a match among the 9 outcomes.
B ANODEREOP T oVALII—KT 5 L\
FREALT B,

* Questions:

1. For this experiment how would you define the
sample space, probability function, and event?
ZDFERTIU, ﬁﬁ*% EERBREFREY
DESIRET DD

2. Evaluate the exact probability P(A) that the event
A occurs.

FRAVHZ LHERP(A) 2B L
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Answer

e Sample space (): Sequences of 9 numbers between 1 and 20.
1H59620Mn& S 9 DEF

* Cardinal of Q: (Q@’flili)l Use the rule of product !
Q| = 20°

* |t is not very easy to count directly the nbr. of occurrences of
the event A ...because there might be 2, 3, 4 ... or 9 rolls that
are equal.

BB RADHE LSBT 50 L, XD B 0R S
272, 372, ., 9/)0{’(%(/»\/(;)5’]’ SBEVEASH B 0 L

* But it is much easier for the complement A°.
MESNDERALTETHIIINVEETH S,

e AC:thereisno match (& L W&ERK 78 \\)

« |[A°| =20-19-----12 = P = 20!/11!.

e P(A)=1-P(A°) =1 — 'lAﬂcl' ~ 0.881.




Rule 2: Example of application

\

e

* Agroupof50mice (XX ID50IE)

* 20 have white hairs (W), and 25 have black eyes (B).
290G 20E (W), B2E W2 5E(B)

* For a randomly chosen mouse, what is the range of possible
valuesp =P(W UB)?
T LITERINEFZ IR LT, #ERp =
P(W UB)D T e % AB o $L. B 1 X 2 124 %

a. ps<.4 P
b. 4<ps<.5 |

c. 4<p=s.9 | »

d .5=<p=<.9 a o

e

S5<p ("da.
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Answer

» Common sense (% 3 % 1# 9 ): there are at least 25
mice in W U B and at most 45. Therefore the
probability is:

<p<

e Or use the inclusion-exclusion principle:

FAREIZEB Y
 PW UB) =

* Extreme cases are:

* Giving: <P(WUB)<



More difficult example with uncertainty
RHEEMHZFFOLYEH A

. Lucky Lucy has a coin that you're quite sure is not fair.
W= =334 v 0—22F->T, b4/
" ’f.é:fat* A
* She will flip the coin tW|ce (24 % 2@F&IT %)

. It S your job to bet whether the outcomes will be the same
T) or dlfferent (HT, TH).
%, Bl U(HHTT) 52 % % (HTTH) 2~ 128 1) %

* Which should you choose?

a. Same
b. Different
c. It doesn’t matter, same and different are equally likely

int: eprobablllt o head and a little of algebra)
ROEE L pr L AR Ak 1 o CHELT Do
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Solution (&R )

Answer: a) same (same is more likely than different)

P(H)=p thus P(T)=(1—p) =q.

Since the flips are independent (Cf. Section 1.3) the probabilities
multiply. This gives the following 2x2 table.

T4 Y MNRIBIRZTH LG, BRIV AL, VATD 24T
25|k %525,

H T (2" flip)
15t flip H| p? pq
T| prq q°
 P(same) = , P(diff) =
e Algebra: (p — q)? = = P(same) — P(diff) > 0

So P(same) > P(diff) ifp + q.
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* A game consists of two players each choosing a dice.
ZADT VX —DT =L T IWIBE2EATHRITS,
They roll once and the highest number wins.
RADERDH Do

* Question: Which dice would you choose?
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Hints:

A. You can proceed as follows for white and red.

1. Forred and white dice make the probability table.
GYLFRDEINWZEDHERREBFRT 5,

2. Make a prob. table for the product sample space of
red and white.

i@%$§ﬁz@®ﬁ$§ﬁwﬁﬁ#6%$%&
TER T 5

3. What is the probability that red beats white?
Forar A THERII LI

B. Then do the same for white and green dice.
C. And for the green and red dice as well.
D. Conclude which dice is the best for the game.



Answer to question A

Red beats white is the event (R > W):

The answeris P(R > W) = 7/12. Find it by fulling the
tables below.

Probability table for white and red.

Red die White die
Outcomes 3 6 Outcomes 2 5
Probability | 5/6 1/6 Probability | 1/2  1/2

Both R and W outcomes in a 2x2 probability table:

2 5  White
Red 3 [5/12 5/12

6| 1/12 1/12

e Red entries: outcomes where red beat white.
5 1 1 7

* PR>W)==+—+ = —.
12 12 12 12
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PART I. Notions of Probability #4275
MESR R
1. Basic probability P& #F 35X

1.1 Counting

1.2 Probability rules

1.3 Conditional Probability, Independence, Bayes theorem
ST ERER, Rt N4 X0 EIE,

* Law of total probability 485 & 0 R4

» Use of trees to represent case distinction

WAam T2 RKIAT A LI ITREED
* Independence 122t
* Bayes theorem. Base rate fallacy. N4 X3, JL#F @40
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1: Basic Probability T 3R im R
1.3 Conditional probability, independence,
Bayes theorem. g#itEfes, M, R4 XDEE

‘The probability of A given B’ (= %#BI- BT 5 ADEF)

P(ANB
P(A|B) = (P(B) ), provided(7=7= L) P(B) # 0.

Example of 3 coin tosses:
B ={HHH,HHT,HTH,HTT}
A ={HHH}.

A=ANnB B

THH THT
ITTH TTT
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Exercise

e Tossacoindtimes. 214 v % 4 €& |T %, Letthe events:
e A =‘atleastthree heads’ (K'Y % (¥t 3&EH %)
e B =“firsttossistailss (BEAMDLELERIIEZTH )

1. Whatis P(4|B) ?

a) 1/16 b) 1/8 c)1/4 d) 1/5.
2. Whatis P(B|A) ?

a) 1/16 b) 1/8 c)1/4 d) 1/5.
* Answer: 1.(b) 1/8 2. (d) 1/5.

Counting: |A| =5, |B| = 8 and |A N B| = 1. Since all sequences of 3
tosses are all equally likely
P(A N B) B |A N B 1

P(AnB) |AnB| 1
P(B) Bl 8’ B

PAIB) = PA) 14 5

P(B|A) =




Multiplication rule, Law of total
probability

* Multiplication Rule: P(A N B) = P(A|B) P(B).
* Law of Total Probability (easy case of 3 events)

DHEEDER (FRV'32H53F4H)
* If By,B,, B3 is a partition (%%]) of Q then

* P(A) = P(A N B;y)+ P(An B,)+ P(A N By)
= P(A|B1)P(By) + P(A|B3)P(B;) + P(A|B3)P(B3).
()

2019/4/15 - 22 - 29 B B3 21




First example: an urn (8&) problem

 An urn contains 5 red balls and 2 green balls.
ZIA WK =IO, LER =Lt 2 O b A,
Two balls are drawn one after each other.

F—I2—>o2>, 2/EEHET 5,

- &
* Question: What is the sample \ /
space () for this experiment?

- O = {GG,RR,GR, RG}.

* Let R; be the event ‘the 15t ball is red’,
R,="the 2"? ball is red’,
(; ='the 1t ball is green’ and
G, =‘the 2" ball is green’.

* Question: What is P(R,)?

2019/4/15 - 22 - 29 Essential Math. |
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Answer

e Use intuition(but be careful): Every of the 7 balls is equally
likely to be the second ball.
“ET e AP ) (L & Lii%%i) R TIED R —IVITEFE
S2HBBOFR— IR Y 9 B,

5
* Use conditional probalg}ilities: (AT & Eﬁ}é 248 9)
P(Rz|R;) =z P(R;|G1) =7

* By the total law of probability:  (&FEFE » Z]])

P(R;) = P(R,|R{)P(Ry) + P(R;|G1)P(G,)
45 52_20 10_30_5
67 e T T R TRy T




Trees for conditional probability
FHEMSHERERIAIH-HDR

* Organize computations 3t 5% £ ¥ ¥ 5,
 Compute total probabilities 2% £ 23+ H 3 5 7=
 Compute Bayes formula

1. Arandom ball is selected

* Example: Game: 5 red and 2 greens in an urn (&%)
7 AN =V AY
EIR I N,

* ¢
T %
t‘ ve o
“ 2. ltisreplaced by a ball of
. v ® the other color

O . ~
'Y Q Mo @, R — )L 2B
. # NR¥T
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®
Trees / ¢ o / o 1. Arandom ball is selected
CY ) Li| {.0 7 VT LIIHE IV HEER I N,
e 2. Itisreplaced by a ball of the
. o @ other color
Y ) WoenR—ILIZIRY¥®Z 5,
e {'o

1. What is the probability that the 2" draw (B
L) isred?

2. What is the probability that the 15t draw was red
given the 2" draw was red? (2 & H DI HE L A%k
WIEIIBIT A1 HFHOIRE L FVwEnwI)E
S DORER\ITH?)

1t draw

2nd draw G
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1. WQ%]t is the probability that the 2" draw (BR&E L) is
red:

2. What is the probability that the 1 draw
2" dragw was red? (2 #EH DB H L 2% 9%
%5 1 & H DRk

1t draw

2nd draw

1. Total law of probability gives

5
= P(R;|R1)P(R;1) + P(R;|G1)P(Gy) = 7
2. Bayes rule gives:

P(Ry|R,) = LBL0R) _ P(RIRVP(Ry) _ 20749 _ 20

P(R) P(R ©32/49 32
2019/4/15 - 22 - 29 (R2) Essential I\/Iat(h. F) / 26
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Shorthand notation for tree (B&:E:%)

* In the previous example, the tree is a shorthand
notation (%43C.7%)
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Understanding tree 1

1. The probability x represents
a) P(A;)

b) P(A,|B,)

c) P(B;|A;)

d) P(Cy|By N Aq)

* answer: (a) P(4,)
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Understanding tree 2

2. The probability y represents
a) P(B;)

b) P(A,|B,)

c) P(B;|A;)

d) P(Cy|By N Aq)

 answer: (c) P(B,|Aq)
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Understanding tree 3

3. The probability z represents
a) P(Cy)

b) P(Bz|Cy)

c) P(Cy|By)

d) P(Cy|By N Aq)

e answer: (d) P(C{|B, N Aq)
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Understanding tree 4

4. The circles node represents the event
a) G

b) B, Nn(;

c) A{NB,NC(C

d) Ci{|B, N A

e answer: c)A; N B, N(;
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Example: Monty Hall problem

* Monty Hall is an American TV host in the 1970s and
presented a TV game show called “Let’s make a deal”

1. One door hides a car,
two doors hlde a goat
QEDDFTDRS ﬁb%b
Lo — Omt ¥ X250 5,

2. Contestant chooses a door.

Hj%%. j: ]‘ } %kdho

3. Monty (who knows where is the car) openS a differengs
door W|th a goat. :

MontylZfhdd —>D K 7oPf, Y ¥ b s K7 %K<

4, Contestant can SW|tch doors or keep the original choice.
B AIIEALE N T 2R 2 ZD I II2T 55,
Question:

To win a car: (a) switch, (b) don’t switch, (c) doesn’t matter?
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Monty Hall problem

* Organize the Monty Hall problem into a tree and
compute the probablllty of winning if you always switch.

ARAVWTCOMBEERBAEL, F7T2E25 Y X
=B 13 DR % B L,

* You can use the events:
C=‘you chose the car’
G="he shows a goat’ switch="Switch door’

* Answer: Switch! P(C|switch) = 2/3.

Chooses

Switches

« P(Clswi-_._,

2019/4/15 - 22 - 29 Essential Math. | 33



Independence (JR3ILTE)

Two events A and B are independent if the probability
that one occurred is not affected by knowledge that the
other occurred.

L L ELA Y BoM., AR mm£“5%$1
mnﬁwaﬁloth7éé%oft%b {
TIHB LT WY 5|

AY B3R Y 9

Fltk e & & P(AnB) = P(A)P(B)
P(A|B) = P(4)
P(B|A) = P(B)
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Independence: example

Roll two dice. o= Ja 0°0°
* A="firstdiceis 3’ . ~ op °0°

e © ¢ b E
* B =‘sum of two dice is 6’ o ©® ”,"

* A and B are independent

a) True b) False
* P(4) = 1/6 P(A|B) = 1/5
* P(B) = 5/36 P(BlA) = 1/6
* P(ANB) = 1/36 P(A)P(B) =5/216
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Bayes theorem (RA XD EIE)

. Also called Bayes rule” o
“Bayes formula”

e Allows to find P(A|B) from P(B|A) if P(B)i O

P(B|A) - P(A)
P(B)

P(A|B) =

* The denominator P(B) is often computed using the

total of probablllt
2P (B) % 3HE Chl-h, REEFDENH L
¥ Eo¥ (MG

P(B) = P(BIA) - P(A) + P(B|A®) - P(A%)
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Example: False positive in a screening test

. Screenmg test for a disease.

ERArRE T LR 7)) —=V 7T R b

* Frequency of the disease in the population (base rate):
0.5%
ATIZBEITAHBEEDHE  0.5%

 Test is quite accurate: 5% of false positive
10% of false negative

FANMNIPLY)YEETDH S : %%ﬁiiw&
B2t E 1110%.

Question: You take the test and it is positive. What is the
probability that you have the disease?
Z%£§%H<%%u%ﬁf@éoﬁ%§%o%$
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Example: False positive in a screening test

e Use the following events and build a tree:
ATDOZEZ 2485 T, HEORELEZT L,
e D+ = ‘you have the disease’ (=& % )
 D- =‘you do not have the disease’ (Fe £ %2 7/~ & W)
e T+ =‘you tested positive’ (7 A M G1E)
» T- = ‘you tested negative’. (7 A b [2th)

* What is the probability that we must compute ?

» What probability cBtfespondsttb:

* Disease frequency 0.5%:
* False positive 5%: P(D +) = 0.005

* False negative 10%: P(T + |D —) = 0.05
P(T —|D +) = 0.1
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* Fill all the edges with probabilities.

~

d
TANDLTCAERTATYE L,

e Use Bayes formula (and the total law of probability) to

compute the answer! P(T+|D+)-P(D+)
P(D+|T+) = P(T )

e P(T+)=P(T+|D—-)P(D—-)+P(T+|D+)P(D+)
=.995 X .05 + .005 x .9 = .05425

« P(D +|T +) = ==22= 0082949 ~ 8.3%




Base rate fallacy HAEZRMLR

* The test is accurate but you have only 8.3% of chances to have
the disease if the test is positive.
ix ;) ZEFEZ AT, GHEL O I3 R E EFOTREEI28.3% /2
T Th 5,

95% of accuracy doesn’t mean that that you have 95% to have the

disease.

BUNDEFES LY, FEEZFOTRREIVBWRLZLIIFTZ LW

ZI

* This is because the disease frequency 0.5% (base rate) is so low
that the overwhelming of people taking the test are healthy, so
even a small rate of false positive represents a lot of people.
Inid, REDHZ05% (EER) L THRNZDICT
A D% %h“%/\b“}j’—_ﬂ'@]é’ql:@%% FYWIERIZE L LD T,
BEEE LGNS TEIRFOAZEDHTLE ),

It is at the heart of many statistical misunderstandings.

NG T AR RERORRTH S,
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Tree: Example 3: MCQ (% i EIR B &8 )

* 4 choices per question. f]\WW 2 ¥ |2 RAXH4DO H 5,

* Probability that you know the answer is .

NERCNAY eX A\ c A= SVPS

* If you don’t know the correct answer, there are 1 chance out
of 4 that you can discard one wrong answers, 1 chance out
of 6 that you can discard two wrong answers.

EE2 D LA Wgeld, RS R D215 <
AL STREPREIZ1/4T, REBD2DO 2T LN 57T HE
PE131/6 TH 5,

* Question: What is the probability that you know the answer
given that you answer correctly.

EFEIZEZ 2212 B T A EEb bbb - = 5B X5
B RATH
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Example 3: MCQ €E2533NEED,

Z

O x O x O x O X
DO, D1,D2... = ‘l can discard 0,1,2... wrong answers’

e K=D3=‘l know the answer’ (L& 2 b b=f.> 3>
DERBIITNERT Y b b)

« O. X='correct answer’, ‘wrong answer’
* Question: P(K|O) ?
« P(O|K) = 1.
1,1, 1  1_33

11 11 11 1
PO) =gttt ittt w

* P(K|O) =1/,/33/48 = 24/33.

2019/4/15 - 22 - 29 Essential Math. | 47




Homework (about Section 1.2)

1. Finish the problem “Mari’s dice” page 12 & 13
B. Then do the same for white and green dice.
C. And for the green and red dice as well.
D. Conclude which dice is the best for the game.

2. Boys and girls “paradox”

a) Ms. Jones has two children. The older child is a girl. What is
the probability that both children are girls?

JonesX AWXF YLV A BT LD TFTHS, F
YL DAY LDTFTh HHEFE ITH?

b) Ms. Smith has two children. At least one of them is a boy.
What is the probability that both children are boys?
SmithX AITY LA, PR YE—ADFOT
Wb, FEYIDAYLEFDOTTH LERIIFAHN?
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Homework (about Section 1.3)

3. Base rate fallacy (&% £ #41.): The blue taxi
* There are 100 taxis in a city : 99 Green, and 1 Blue.

* A witness observes a hit-and-run by a taxi at night.
He recalls that the taxi is blue.
RITOERITFR 2R LAZ 7 —2BBL AW
o WRICLHsY, B¥EELZIZY 7 2 —»Bluem ¥ %9,
 The blue taxi driver claims his innocence.

Blue¥ 7 o — DRI FIIEBE L FRT 5,

* Experimental data suggest that the witness sees a blue taxi as
blue 99% of time, and a green taxi as blue 2% of the time.
EqT—2 1L b Y, BEHLEIRIIBIlued 7 o — % Blue
DX IR HEEFEIZ99% T, Green¥ 7 v — % Blue? X 9
ICRLTL 3 ) FERI132%.

— Can we say that the driver of blue taxi is guilty?
Blue¥ 7 > —DBEHEFIIARLZT 2507
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Homework (about Section 1.3)

Independence

4. Suppose that P(A) = 0.4, P(B) = 0.3 and
P((A U B)C) = (0.42. Are A and B independent ?

5. Suppose that the events A, B, C are mutually
independent (Z v» /2 7% 3Z) with:
P(A) =.3,P(B) = .4, P(C) = .5.
Compute (Use a Venn diagram!)
. PANnBNC
ii. PANB‘NC(C)
ii. P(A°NBNC)
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