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6.1 Introduction

* Previously: inference about parameters of a population
(mean or variance was assumed )

% HFREEICHT S zrEE L2 (FFHLETH
AR AR FYREL L)

e Often scientists need to know how the mean varies with another
quantity of the population.
RZHEIFPFH PO FEROEIZL->-TYI®>TE D
H R LIIE LIXSR~N 72w

 Example: Population = {all rented flats in Tokyo}
data={rental price}. Mean=average rental price.

* Question: how the rental price varies with the surface?
Target data: variation in $$/m? + minimal price

* Goal: find a SIMPLE relation between two data of the population.
Data 2 dependsonDatal. £ 2 13 1 IZIRGF T 5,
Aty BERMO >R A L CHELHAGLRET 5 2 v,
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Modeling bivariate data as: function + noise (l)
K+ /) 4 AT 5B T—IDTTI

e Bivariate Data: (X1, V1), .., (X3, Viy)
Not a random sample. Justdata. (7 v ¥ A e AT
1%L, EEDOF—%)

* Model: x and y are related as:
[)’i = f(x;) + E; ] f (x) is a function,

or model

* E;: “random” noise (wRandomness is here! Not in the
sample)

e Typically, models measurement errors or the relation
with negligible parameters not considered etc.
BRGS0/ A RNIRERE L ER L LA
TE2L2YOMBELYE2ETIVLTESL 3D,
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Example of linear models for regression

* Lines: y=ax+b+E
o Simple Linear regression

* Polynomials: y=ax*+bx+c+E
% 3183\

* Other: y=a/x+b+E

* Other: y=asin(x) +b+E

Goal: find parameters a, b, c ... of the model
B T 57NV N7 A —%ab,c,.. s RDbBH ¥,
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Modeling bivariate data as: function + noise(ll)
i+ A AT 5 BT —FDETI

* Find f that minimizes the Total Squared Error (3> =3&):

Min (Zn: EE) — Min (Z(yi —f (xl-))2>

=1

 Use for prediction: T8 D 7= IZH|H ¥ 4
Infer the best function f (within the model) and then
given x by v = f(x)
TTINOFTTOREWM LRI 2IHEL T,
7= 10xIZH T 5 I

* x:independent or predictor or explanatory variable

(1252 or 778 or LU EZK)

: or or variable
( or or T I)
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Example: Simple Linear Regression

* Example: Stamp price in US (in Cents) vs. time (years

since 1960).
T . * Red point is
- predicted
i 8 cost in 2015.
N * 7F & 132015
o 2T X
v n 5 e g
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Example: Linear Regression by a parabola

B8R % 42 ) BT & ar D ]

2019/7/15-22
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* This linear
regression is
not simple.

e ZNITE W
QN A



What is linear about linear regression?

BiEmicb Wl 18] - T, Wwo /-
WY DY

in the parameters aq, b, c, ... of the model
cy=ax*+bx+c
cy=ax+b
cy=a/x+b
e y=asin(x)+b

* Non-linear (but parametric) model: y = be?* + E

* |t is not because the ‘(‘:)urveabeing fit has to be a straight
line (simple lin. reg. 3 &l )
Although it is the most common case
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Simple Linear Regression: finding the best
fitting line 3 &% : 31X B8 5-4%

» Simple Linear Regression: fit a line to the data
y; = ax; + b+ E;, where E; ~ N(0,5?)

* The r.v. E; are independent

o . \'n 2 _ \n _ o 2
Total square error: )., Ef = }i-(y; —a x; — b)

* Goal: find the values of a and b that give the ‘best
fitting line’

» Best fit (least squares)
The value of a and b that minimize the total squared
error.
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Linear Regression: finding the best fitting
degree 2 polynomial 2K Z AR D A

 Linear Regression: fit a parabola to the data
y; = ax? + bx; + ¢ + E;, where E; ~ N(0,02)

* The r.v. E; are independent

2
* Total square error: X", E? = Y, (v; — a x? — bx; — ¢)

* Goal: find the values of a, b, c that give the ‘best fitting
line’
 Best fit (least squares)

The value of a, b, ¢ that minimize the total squared
error.
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Errors have same variance:

* BIG ASSUMPTION:

Data and regression line (left). Errors: distance from line to
: point
Homoscedastic (!) data W\; DAL T ek
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Homoscedastic vs heteroscedastic

2O vs N

Here the variance of the random noise (=error) increases.

22T, 8BE (/A4 X) opEiiged 5.

* Remark:
" e gl Homoscedast
sy, W icity ¥
¢ el BT heteroscedas
T ticity ®» B35
.’.;,.,'.-'--"' g R i
l.o...o.. ) < %& L/ \’ A @]

Heteroscedastic Data
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6.2 Estimation for simple linear regression

1.

Find point estimators @ and b for the slope a and the y-
intercept b ~

MExaryWhbod 2fEG Ybi Kb 5,

w-Maximum Likelihood Estimation (here same as Least
Square Estimation)
RAHEEFZL2AWT (22T, WD EHEFEY—
BT 5)

Find an (unbiased) point estimator for the variance o
ARV T LA LS EETL KD S

Deduce the distribution of @ — a and b — b under the
normality assumption of random noise: E ~ N(0,0%) _
775/ 4RE~NO,6)DRET T, d—a Lb—
b DA% FBET S,

And form a confidencg interval for a and b
a YhIZH T AREHERM23%ZET 5,

2
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MLE for slope a and y-intercept b
¥a % a ¥y-¥1 i bk A %

* Not enough time in this course to study MLE in details

CORETII, MLED BIZ 2 %078 5 /- b |28 A°

LN

e .....aglimpse into the MLE method: MLE % 38/ B, L 7= 5

 Distribution of population depends on some parameters
(vector 8) “parametric model”

f(-16) 0> unknown K %=
 Each sample/data x; is a random variable following f( :|6)
* f(x;|8) conditional probability density function.
 Joint distribution (multivariate probability function):
* fo(xq, ..., x,10) =112 f(x;10), (independent assumption)
* MLE consists to find parameters 6 that maximize the
likelihood function L (given of n data points x4, ..., X,):

L(8) = fg(x1, ..., %n[0)
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MLE for slope a and y- mtercept b
¥a % a¥y-¥1 i bk LA E %

* Model: Y, = axy, + b + Ey, E, ~ N(0,0%)
e w Y.~ N(ax, +b,0%)

—(Yk—(axk+b))2/202

e
Thus, f(Yi|a,b) = "
* MLE: Find a gnd b that maximize:
1 2
— Y — ~ Yk=1(Vie—(axy+b))" /202
L(a, b) Qf( ela,b) =——e

* Same as finding a and j that .
T(a,b) := Z(Yk — (ax;, + b))

* Least square estlmatlon ” o T T R
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Formula for a and b

* Solve 07T /da=0 and 0T /0b=0.  After solving, we find :

-Wefind:d=sx—y and b=Y — dx

XX

(both a and b are here random variables)
Where

* Sex = 2l — %) where x = %(xl + -+ x,)
= Y Xje — nX’

* dyy = Zk(xk — f)(Yk__ 7) where Y = %(Y1 + e+ Yn)
= kakyk — nxY

* Remark: S, is a number S,y is a Random Variable

* WhenY is measured to get data y4, ..., ¥,, we write y instead of Y.

1 — —
* Yy = g(yl + et yn) and Sxy = Z(xk - x)(yk - y)
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Example: using Sy, and Sy,

* Example: Consider the data (1,3),(2,1),(4,4)
Find the line y = ax + b that best fits these three

points.

e Answer:
_ 7 _ 8
X=7 V=73 Sxx

w3
Q)
I
N | =
S
I
I

14
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Example: using MLE (or equivalently LSE)

 (on the blackboard)
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6.3 Confidence Interval for a and b
Properties of @ and b as r.v.

e Estimators @ and b are unbiased.
-E(@) =a E(b)=h

0.2

SXX

Var(B) _ 7 Ry

* Variance: Var(a) = .

e Theorem:

o2 _ o2y, x2
a~N (a, —) b~N (b, 2 ")
SXX nSxx
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Estimation for ¢ (not known in general)

A

_Zk(Yk —a-— bxk)
e Butitis biased /-7, I"NE T W FAL

e MLE estimator for g?2:

n— 2
E(6%) = g’
n
. Unblased estimator for o2:
s% = Zk(Yk —a— bxk) = —20 w E(s?) = g*

* Theorem (HeImert/Cochran) (wLecture 8, ch 4.2 p. 5)

(Tl 2) ) Xn—z


L8.pptx#5. Sample variance and χ^2 distribution

Confidence Interval for a and b (l)

« We can find the law of @ — a and b — b to build
Confidence Intervals for a and b.

* By the Theorem on page 19, we have:

ad—a b—b
~ N(0,1)and
0y 1/ Sxx 0\/Var(13)

Theorem (Fisher-Student) (= Lecture 8, Ch.4.3, page 11)
. T, “S“./Sxx ~ t,_, (Student’s Law with n-2 df)

~ N(0,1)

o Ty = b_b\/ ZS""Z ~t, », (n-28 & EStudentDt7 %)

S k=1*k


L8.pptx#11.  Small sample: t-test  1) Student’s t distribution

Confidence Interval for a and b (1)

1 — a Confidence Interval for the slope a:

1
* S

o
2 Sxx

aztt

1 — a Confidence Interval for the y-intercept b:

2
Dk Xie

((NYP

S
I+
(g

N[ R

* S,y '™ pagel6 s 1w  page 24
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6.4 Prediction interval 78] X F]

* Suppose we have found a and b as well as s from data
(xl; yl)) " (an yn)

* Given a new data x,,,,, we can predict the response
Yiew by the estimator (or “predictor”)

YTLBW T a xnew + b

* Next slide = Cl for Y,,,,, =% 01558 X [4]
“Prediction Interval /8] [X f4]”

e Remark: Y,,.,, = Xy + b + Ejpyy. Since E(E,ey) = 0,
E(Ypew) = = A Xpew + b

S

* Don’t know a nor b : estimator 1, = a x,.,, + b.

 (Since a and b are random variables also.
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* We can show that a 1 — a confidence interval for V,,.,,
AXpew + b L ta - 5\/1 + SXnew

2

e We can show thata 1 — a confidence interval for

AXpew + b + ta - Sy/Sxpew

2

55 Linear regression and confidence limits

—— Regression line
= = Confidence limit (99.0%)
Prediction limit (99.0%)

2.0

0.5

4 6 8 10 12 14 16 18
X values
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4 )
SXpew ==+
(xnew_f)2

%X Y,

* where tz isthep =

2
%—value of the
Student t

distribution with
n — 2 degrees of
freedom



