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Where are we ? Today’s plan

PART II: Statistical inference (

W24 3t

5 Confidence Intervals (Cl) 13 %8 X f4]

5.1: Introduction and CI for normal data (p. 3)
NP, EHAERE O 2 | 245 58 X A

5.2: Confidence Intervals and NHST (p. 10)
e R f] ¥ Jar AR AR D B AR

5.3: Non normal data and polling (p. 16)
ERTHWEER CKE

5.4: C| for comparing two populations (p. 25)

FHEE O =D %2 LT 558 X
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Chapter 5: Confidence Intervals 13 $8 [X f4
5.1 Introduction and Cl normal data

ERR M ~ND NPT Y EARA R E 0135 X R

From a sample x4, ..., x,, drawn from a population of mean u
and variance o2,

PG u L F 5o H1ah SN EERx, .., x,

we can find estimator (Lect. 6, p. 6) for the mean u (like the
sample mean x = %(xl + +-- 4+ x,,) or for the variance a2 (like
the sample variance s? = ﬁ ((x1 = %)%+ + (x, — X)?)).

SAMPLE
STATISTICS (
WETE

mean/ X

Parameters (FE¥):

o SAMPLE & Variance: s2
‘ *%EZF, Stand
- Median: m
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L6.pptx#6. Unbiased estimator 不偏推定量
L5-L6/L6.pptx#6. Unbiased estimator 不偏推定量
L6.pptx#6. Unbiased estimator 不偏推定量

Introduction to confidence intervals
15 %8 R Pl ~ D NPT

* Point estimator alone does not provide a good enough
inference
SAEEET T, FRICAERLIEEL F 2 L\,
* Better is a “Confidence Interval”:
e Point estimator and an “interval statistics”
SEE o+ [HFRM]
* Example of point estimator (sample mean) X =22
Confidence interval: x+1=1[12, 3.2]

 Computed from data and known parameters (never use

an unknown parameter)
F—=F YBRIaD /NI A —=F Ik >THFEINRE LD
(RED /N T A —F %48 5 TITWIT W)
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Review of critical values and quantiles
TALER L B (FFE) DEW

 Quantile %" 1£3% (Lecture 6, Chapter 3, page 12):
e Llefttail P(X < q,) =«

e Critical values E% {8 (Lecture 7, Chapter 4.1, page 27)
e Righttail P(X >c¢,) = «a

e Letters (X F) used for critical values
7z, for normal standard distribution N(0,1)
* t,(n) ort, for t-distribution T,, (d-o-f n Student)
* 4, Xg all purpose (JAA])

P(Z > 24)
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L6.pptx#12. Quantile 分位数  (q-values q-値)
L7.pptx#27. p-values and critical values

Computing confidence intervals from normal

data EHFEH» LIEHKRE 2 KD 5 (1)

* Suppose the data x4, ..., X,, is drawn from N (u, %)

 Confidence level =1 — a 13 fa/K#
(corresponds to significance level a of NHST !)

(RFREIZBIT 57 K EalfBird %)

e z confidence interval for the mean u (o known)
FEF 0 1= 6 O 245 FR R P (B2 7067
_ Zq/2°0 _  Zg/p* 0
— , _|_
[x NIRRT
* t confidence interval for the mean 1 (o unknown)
FEF 2 0 1= Ot F R Pl (%0 70 1k
[f — taj2 " S X + M . : n — 1 degrees of freedom
(%(éi

Vn vn

¢ 52 sample variance (12 K%
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Computing confidence intervals from normal

data EHAEH» LR RE] 2 KD 5 ()

e ¥ confidence interval for o2 (Lecture 8, page 7))
S

, S
Ca/2 Cl—a/2
x?is not symmetric — a

B A T AIIEARTIE W
* ¥ have n — 1 degrees of freedom (& & &)
* 52 is the sample variance (1& R % #X)

 Similar to 2-sided non-critical region in NHST but here
we do not set any (null) hypothesis.
RFRZNH T2 HMMOFEI L L WIREAAMNRT 5
H, 22 TIRILE L vy,
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L8.pptx#7. Chi2-test for variance (small sample)

Data are 1,2,3,4 drawn from N (u, 6?) with g unknown.

1. Find a 90% z confidence interval for u given that o =
2.

Below, suppose that o is unknown.

2. Find a 90% confidence interval for u

3. Find a 90% y* confidence interval for g*
4. Find a 90% y? confidence interval for o.

5. Given a normal sample withn =100, x = 12 and
s = 5 find a 95% confidence interval for u



Solution:

1) =25 a=0.1,a/2=0.05 zys = 1.64 2.5+
1.64

2) 52 = 1(1.52 + ity 1.52) —3_-1667 s=1.29
3 4 4 3

tos(3) = 2.353, ¥+2353-129 - =251+ 1517

3) [3 Lee7 -1'667]:[0.696,14.207]
7.85 0.352

4)[v0.696 ,v/14.207| = [.593, 3.769]
5) \/ﬁ =10 ) t0_025(99) = 1.984
12 + 1.984-1—10 .5 =12+ 0.992




Chapter 5: Confidence Intervals 1% & X f4]
5.2 Confidence Intervals and Null Hypothesis
Significance Test 13 #8 R 4] ¥ IR $L2 7€ D B 1%
Conceptual view of Confidence intervals

1548 R F] D R SAL &

* Computed from known data - Interval Statistic
D 7 — 0L KD LN 5 L Gt R
* Estimates a parameter 1w interval estimate

HELLIIYTE T A=Y FHERM

* Confidence level: performance (in NHST: significance
level)
e DR (IRBAR I B W T A AR
Wldth precision (m NHST: power of a test)
D ERETE (IR E IS ia“’( ®E77)
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A common misunderstanding concerning Cl

TR E L TL A LB

* A 95% confidence interval (random interval depending
on the random sample) of [1.2, 3.4] for u does not
mean that P(1.2 < u < 3.4) = 0.95
UN9IS%IEFAR P [1.2,3.4] ¥ 1%, u € [1.2,3.4]neEHE
130.957/ ¥\ ) R TIE e v,

* |f we draw 100 samples of size n and compute a 95%

confidence interval, then around 95 of them will
contain u

Y4 ZntZER%E2100F7] B - TI95%1Z % X P4 %

KbsbY, Z201000F, 131F9513&FHur A
TwW5b,



A Common Sense question (% 27 )

* How does the width of a confidence interval for the
mean u change:

FPFHUDBERREDIGIIYA LS I IR S H

1. If we increase the sample sizen B
2. If weincrease the confidence level ¢ A
3. Weincrease u C
4. We increase o A

(A) It gets wider  (B) it gets narrower  (C) it stays the same
YNGR EIPF ) A B U< %5
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Confidence interval and non-rejection region

I L 7 VIR Y AS A X P

e Suppose that xq, ..., x, ~ N(u, %) with o known.
« Consider two intervals: VAT D DR % % Z 4,

1. The z confidence interval around X at confidence
evell — a.

Xl h o Z ikl —adzfE R A,

2. The z non-rejection region for the null hypothesis
Hy: i = pg at significance level a.
SAREqD J AR Hy: 1 = g Pz 577 L 70 i

[ Ug is in the 1%t interval & X is in the 2"% interval }
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Confidence Interval and Non-rejection region

—z'—’r

T2 po = Zaj2-m MO Zy po + Zaj2

* Rejection region & #7I%,

. ° v z 9
‘» Confidence interval 1: x; + a\;% )
R . 1 X 2 d
" Confidence interval 2: Xy ¥ aé%
L — Za/2’9
.* Non-rejection region: g + n

. They all have same width |
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Cl: Using hypothesis testing

Unknown parameter 6 of the populatlon Estimator: x.
O: RIwDH/NT X —F 0 HBit= © x

* For any value 6,, we can run a NHST with null hypothesis:
X%ﬂL‘ﬁLT TR IFRIRZT TORIRE % 4T
Z

H, : 6 = 0, at significance level «.

* Fact: Given x, the (1 — a) confidence interval contains all 8,
which are not rejected when they are the null hypothe5|s
ﬂﬁwgfpﬁiiﬁ*m*wmﬁﬁmweéb w5

al C

* Definition. A type 1 Cl error occurs when the confidence
interval does not contain the true value of H
fﬁmJﬁbiwemﬁéAMWMW:% . PSR R M
1\_\7/\ iﬁﬁj‘}—/-\’\?o

* Foral-aconfidence interval, the type 1 Cl error rate is
(1 —;)%%‘%ﬁ R ioxt UC, F1F215 8 R Fd] %*ﬁmﬁfj
a T o
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back 20

5.3 Non normal data and polling

Non-normal data FEH TR WEEHH» S
BRI nhi-75—7%

* Suppose the data x4, x5, ..., x,, is drawn from a
distribution f(x) with mean 1 and variance g2 that
may not be normal.

* A (version) of the CLT (Lect. 8, p. 12) says that for large
n, the sampling distribution of the studentized mean is
approximately standa_rcillnormalz

~ N(0,1
N (0,1)
* So for large n the (1 — a) confidence interval for u is

approximately.
_ Zg/2°S 7 Zg/2 " S

where z, /, is the a /2 critical value for N(0, 1).
* This is called the large sample confidence interval
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L8.pptx#12. Small sample: t-test. 2) T-distribution (II)

Large sample Cl: how large ?

. — Zg/oS  _ Zg/0S].
interval x—%,x+ @/2°|is a at least a 95% ClI.

Yy 7 4 Rl AR . h OSSR Y A B L
2D bWR X W,

* Equivalently: Probability that the interval does not contain the
true parameteris < 0.05.

FLET  RMAED 7 A — 5 &4 & WHE< 0,05

* How to proceed? = back to definition
Y9957 ExERNRS

* |f we repeat the sampling many times and compute a Cl,

then 5% of all

,aw{-@: 15 {‘} { i seg the Clwon't
" =

€Ty true parameter.

* How Iarfe the sample size n must be so that the approximate

TEIE

AEBEERTY) < 95%(EFERXAN
3. 95% ERXEDA X -



Large sample Cl: how large ? wSimulation

e Simulation. Repeat 100,000 times the experiment:
1. draw n samples from Exponential(1).

2. compute the sample mean X and sample standard
deviation s.
3. construct the large sample confidence interval:

_ . Zq/2"S

_|_

T
4. check for a type 1 Cl error, i.e. see if the true mean
@ = 1lis notin the interval.

* For sample sizen = 20, 50, 100, 400 and confidence
intervals 1 — a = 0.95, 0.9, 0.8

2019/7/8 - 7/15 18



Simulation results with Exp(l) and N(0,1)

n 1—« simulated conf. simulated conf.
20 0.95 0.905 20 ().Sb 0.936
20 0.90 0.856 20 0.90 0.885
20 0.80 0.762 20 0.80 0.785
50 0.95 0.930 50 0.95 0.944
50 0.90 0.879 50 0.90 0.894
50 0.80 0.784 50 0.80 0.796
100 0.95 0.938 100 0.95 0.947
100 0.90 0.889 100 0.900 0.896
100 0.80 0.792 100 0.800 0.797
400 0.95 0.947 400 0.950 0.949
400 0.90 0.897 400 0.900 0.898
400 0.80 0.798 400 0.800 0.798
Simulation for Exp(1) Simulation for Normal(0, 1)

* Whenn = 50 — 100 usually the large sample confidence
interval is precise enough for any distribution.

* Question: Why when n = 20, the simulated ClI for N(0,1) is
lower smallerthan1 —a ?

Answer: small sample is more precise with t rather than z.
Z0.025 — 1.96 t0_025 = 2.09
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Polling: binomial proportion confidence
interval X% | =38 L D2 HA X Fd]

* Polling with 2 candidates: &40 4 " =~ AW 5 ¥ 5 !

» Voters are random variables following a Bernoulli
distribution

HEZBZEINNVA—AGHIE ) TR LLT.
e Data are the outcome of a sample)of n voters
T IIEEZENADERITFOLNLERTDH 5,
X1, e, Xy ~ Ber(p)

* Proportion of voters voting for A isrp

B HZEAICZEL L)Y EZ 5% EHOLE 11p
e A “conservative normal” (1 — a) confidence interval
. — a/2 — , Za/2
for p is given by: X —

zvﬁ’x+2\/ﬁ

* Proof: Use the CLT (or large sample confidence interval
slide 16) and o = {/p(1 —p) < 1/2.
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Question about polling

* During the pre5|dent|al election season, pollsters often do
polls and report a margm of error’ of about T 5%.

k%ﬁﬁfﬁd)ﬂ%&ﬁﬂ 12, WHBEEEIZEAR 2TV, 5%
Y N <%“fliﬁ"—b’<w%o

 The number of people polled is in which of the following
ranges?
LI LR INEADAKOEEB I N,

a) 0-50

b) 50- 100
c) 100- 300
d) 300- 600
e) 600 - 1000

* Answer:5% = 1/20.50 20 =yn = n = 400.
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Question ll:

* A(1- a)confidence interval for p is given by

_ Za/z __I_Za/z

24n’"  2yn

1. How many people would you have to poll to have a
margin of error of .01 with 95% confidence?

2. How many people would you have to poll to have a
margin of error of .01 with 80% confidence. (Use a table
here.)

3. Ifn = 900, compute the 95% and 80% confidence
intervals for p.

1) n=10,000 2) a=0.2, a/2=0.1 table gives 1.28 so 1.28/2-/n =0.01

n=4106 3) 95% : x+—_fii=fio.333.
ND 30

80% : X+ 2% = 5+ 128 -— =%+ 0.021
2/n 60
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Exact binomial Confidence Interval

JEBE 7 ZIR4E FA [R e

* Exact # Conservative normal »= exact instead of CLT.

(Slide 15) Fact: Given x, the (1 - a) confidence interval
contains all 8, which are not re%ected when they are

the null hypothe5|s (1 —a EEIENGREE X Z”L*
W ) AR 330D 0 > b HRETH 5,

Use this and table next page of binomial(8,0)
probabilities below to:

1. Find the rejection region with significance level 0.1 for
each value 6

2. Givenx = 7, find the 90% confidence interval for 6
3. Repeat 2. for x = 4.

2019/7/8 - 7/15 23



Exact binomial Confidence Interval

Solution
* For each 0, put the non-rejection region in blue, and

1.

ther
2R

SO EHBIIFICL R X v,

In each row, the rejection region has probability at
most @ =

10.

ejection region in red. ZOIl2x LT, EHL LW
A2

- % /"X

0

1

2

3

4

5

6

-

38

© ~NOTwW

0.430
0.058
0.004
0.000
0.000

0.383
0.198
0.031
0.001
0.000

0.149
0.296
0.109
0.010
0.000

0.033
0.254
0.219
0.047
0.000

0.005
0.136
0.273
0.136
0.005

0.000
0.047
0.219
0.254
0.033

0.000
0.010
0.109
0.296
0.149

0.000
0.001
0.031
0.198
0.383

0.000
0.000
0.004
0.058
0.430

2.

3.

2019/7/8 - 7/15

For x = 7 the 90% confidence interval forpis [.7,.9],
These are the blue entries in the x = 7 column.

For x = 4 the 90% confidence interval for p is [.3,.7].
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Chapter 5: Confidence Intervals
5.4: Cl for comparing two populations

comparing the means (independent sampling)

BEHZELEs & (RIGEELMHE)

comparing the means (paired data)
FHzEHT S (REDHET—4%)
comparing variances B98I EFLLT 3

Parameters (FB#) :LFENS Mean B uie

Variance B7&: o5

SAMPLE 1 STATISTICS (#i5t£)
Size: nq

mean: x;

Variance: s?2

A,

‘ Compare 4 and u,
Compare 04 and o,

POPULATION 2

Parameters

Infer HE I

Compare

SAMPLE 2
STATISTICS (&t £)
Size: n,

mean: X,

Variance: s2

.




Comparing two popuations means
Confidence interval for u; — u,

* Review of two-samples t-test: Lect. 8, Sec. 4.4 (p. 15-19)

* Population 1: = N(uq, 0q) Sample sizes: nq,n,

* Population 2: =& N(u,, 0,) Equal variance o, = 0,
* Sample means: X7, X,, sample variances: s7, s5.

] (n{—1)s?+4+(n,—1)s2
* Pooled sample variance: s; = ——— 2

ny{+n,—2
* Target parameter: u; — U,
* Point estimator: x; — x,
o« 172 T, +n,—1 (t-distribution, df: n; +n, — 1)

,1 1
Sp nq le

» Confidence level 1 — a Cl: X; — X, & tq /5 - 5, ni _|_ni
1 2
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Practice: Bulimic students

* Practice Problem NHST Il (Problem 2)

- BULIVIIA
Bulimic students 21 13 10 20 25 19 16 21 24 13 14
Normal students 13 6 16 13 8 19 23 18 11 19 7 10 15 20

Source: Randles, R. H.*On neutral responses (zeros) in the sign test and ties in the Wilcoxon-Mann-Whitney test.” The American Statistician,

Vol. 55, No. 2, May 2001 (Figure 3).

* Infer about a difference in the average “Fear of
Negative Evaluation” index between group Bulimic

and group Normal.

(Rewew) Xp = 17.82, Xy = 14.143, s = 24.16,
s& = 27.98

. s2=1263197 |—+—~2.1

np nyn

* Q?: Find the 95% ClI for the difference mean ug — uy.
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Comparing means of paired data (*<{jcx ? & 5%
7 — %)  Confidence interval for up
* Review of two-samples test for paired data:

w Lecture 8, Sec. 4.5 (p. 26)

* Two populations: two “paired” samples of size n
and y4, ..., v,, (same size n)
(no independent sampling)

* Sample of differences x, — vy4, ..., x,, — v,, has mean
xp, and sample variance s3

« Assumption: population of differences =~ N(up, 65)
* Target parameter: \ip = Uy — Uy

* Point estimator: x,

*1—aCl(Largen): Xp T Za/zﬁ

* 1 — a Cl (Small n): = %ita/zf/—%
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Practice paired data: Male/Female graduates

salaries

* Practice Problems NHST II: Problem 3

TABLE 9.5 Data on Annual Salaries for Matched Pairs of College Graduates

Pair Male
$29.300

1

2 41,500
3 40,400
4 38,500
5 43,500

Female

‘$.28,800

41,600
39,800
38,500
42,600

e Sample salary difference M/F.
xp = 400,

* Q? Find the 95% Cl for the difference mean up.

2019/7/8 - 7/15

Difference Difference
Male — Female | Pair Male Female Male — Female
$ 500 6 $37.800 $38,000 $—-200
—100 7 69,500 69,200 300

600 8 41,200 40,100 1,100

0 0 38,400 38,200 200

900 10 59,200 58,500 700
sp = 434.613, np = 10.
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Comparing two populations variance:
Confidence intervals for o /o5

 Review of F-test = Lect. 8, Section 4.6
 Population 1: Normal(u,,0,) Sample size 1: n,
* Population 2:Normal(u,,0,) Sample size 2: n,
» Target parameter: o /0

* Point estimator: s2/s5 (< of sample variances )

* Interval estimation with F;, _;,, _4 distribution:

2
° 51/01 ~ F

52/0_2 Tll—l nz—l

2 /52
* Fl —a/2 = %;%SFCZ/Z

po[R

* Confidence interval at confidence

level 1 — «a,

2019/7/8 - 7/15 “/2 0-2 Fl_“/2 30



Practice Problem: Mice” weight variability

* Practice Problem NHST | (Problem 2):

Find the supplier that sells mice who have the most

homogeneous weight.

TABLE 9.9 Weights (in ounces) of Experimental Mice

Supplier 1

4.23 4.35 4.05 3.75 4.41 4.37
4.01 4,06 4.15 4.19 4.52 4.21
4.29

Supplier 2

4.14 4.26 4.05 4.11 431 4.12
417 4.35 4.25 421 4.05 4.28
4.15 420 4.32 425 4.02 4.14

e X; = 4.2,%; = 4.19, s# = 0.0408, s5 = 0.00964
o [ =st/s5 ~ 4237

e Q?: Find a 95% Cl for /o5

2019/7/8 - 7/15
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