Chapter 1 Section 3
Approximating explicit functions in the implicit
function theorem
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So far, we have tried to approximate a zero (as a
number) of a function.
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In this Section, we don’t approximate solutions, but we

try to approximate some explicit functions itself locally.
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Some explicit functions: work only in the framework of
the implicit function theorem, not for all functions.
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In this Section, we don’t approximate solutions, but we try to
approximate some explicit functions itself locally.

o RIFNENIC ¢ Rzyll B 1T 5 Taylor & i*’”rkkﬁ‘ HZY
12k > THEE: B zygD HAFICIEMTE 5,
Locally: Can approximate the function near a point z, by
computing the Taylor expansion at z,.

e Taylor B D IZ G T NITEWNIT Y, R0 %) E
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c WK ZD L DAL =25 - Taylor& B 0 %3k
e Taylor B D 2 ¥ =9 6. PAZKIIBEAT or C®-42 (or
CK-#%, K> 0) ¥ W ) IREINTH KT,
Since we use Taylor expansions, it is natural to assume
that the function is analytic, or C*® or CX for K large.
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Case of 1 variable —Z#MDI5FE

* IO CR2 SR, (x,y) - f(x,y)

* Let (xg,¥0) € R*, f(x0,¥0) = c.

 Assumption: 1R i€
af
@(XO::VO) #+ 0

* By the implicit function theorem, there exists
(R FEIZIZL Y, ATV GFHRET S
e Opensets U 3 xq,and V 3 y, (B iL1¥)

U - V, C*-%%, such that:

f(x,y)=cand (x,y) eU XV
( issameas ¥ VA TORBYFEIMETH 5

x €Uandy = ¢(x)
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* We can always assume that ¢ = f(xy, y9) = 0,
otherwise we take g(x, y) = f(x,y) —c.

(since then g(x 0).
20T b 2 B UT b b e

* Define a sequence of polynomlals in x
xIZk 5% DP %2 ERT 5,
$o(x) = @(xo)
$1(x) = p(xp) + (x — xp) ,(xo)
¢2(X) = ¢(xp) + (x —1x0) (x0) +

= (x —x0) %0 " (x9) + = (x — x¢)° (3) (x0)
¢3(X) = @(xg) + -+ 7 (x — x0)’ (7) (x0)
e All are of order 2° — 1,21 — 1, 2

1,23 —1...of (x).eﬁftbﬂ)yiﬁiii (x) D 3%
202122 23 TaylorZ A Th 5



(5 B8 #ml [T D Newton 18

(Newton iteration for explicit functions)

* Pri1(x) = Pp(x) — g—f/(x, ¢k(x)) ' 'f(x» ¢k(x))
atorder 281 — 1 R 2Kt1 1T ¥ w9y &Eok
AN B BIARNZT 2L v Rk
VAL D ¥ 4 8T 5, .

2

k+1
= can neglect the terms x% ,x%  *1.. ofdegree
larger than 2%+1

~1
* Need Taylor expansions of Z—f] (x, gbk(x)) and

f(x, ¢ (x)) at order 2F+1 — 1,
2R+l _ 1 Taylor B 23 E T 5L Th 5,
s fx,pr (XN ITH LT fn T 52 YT,
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This is not a polynomial, but the inverse a polynomial.

o NX LI ETIX, T T, B%kx » 1/xIZNewton
FEEHATAH YT, 2DTaylorBEH 23 ET 5 2
Y3 T X5,

In the ring of formal power series it is invertible and can
be computed by Newton iteration applied to the
functlon x v~ 1/x.

) - =1—2x%+4x*—8x° + 16x° ...

1+ 2x2

e (x dr(0) 1A LT, BHERERET 5 2
v T 2kl Taylor& Bl 2 KH LN 5,
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* Prr1(x) = Pp(x) — g—f/(x, ¢k(x))_1 'f(x» ¢k(x))

* Theorem: ¥ L ¢, (x) — o(x) @xo H 7‘%Tay|or

BT, BRMOETHWEIIZ Thnld
If in the Taylor expansion at x0 of ...., the first non-zero

. k
termis xZ then

¢ Priq1(x) — (x)@xo b 1T 5 Taylor & Tld. &AW
NDETHWEIIZ T TH B,
The first non-zero term of the Taylor expansion of ..., is

k+1
x2

 w= The precision doubles at each iteration

e FEIIRB T IEZICL A
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The ring of power series over R is denoted R[[x]].
* There is a valuation (431&)

ord,: R|[x]] » N U { o}

ag + a;x + ax? + -+ apx®+ - > inf{i:a; # 0}
e 7] :P(x) = x4+ 3x3+x* ord,(P) =>.

1. ord,(0) =00 ¥ T 5%,
2. ordy(P- Q) = ord,(P) + ord,(Q), VP,Q € R|[x]]
3. ord,(P + Q) = max{ord,(P),ord,(Q)}
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AN EDIEEEEE Ultrametric norm

» Corollary (#): The map ||, : R|[x]] - [0,1]
P(x) — 2—ordx(P)

is a (ultrametric) norm on ]R[[x]] (Lo# IV LTHSH)
« 2L HE ord, () IS T 4 1.2, 3. D RAIIHE ) .

w  Similarly to the Newton method for zeros, we can
formulate a precise convergence theorem for this norm
FEONXIBE LD /I a5 Kol d 5
I\al&ewtomi‘ Y RItkIC, EELIRREEIZL A NSE 2 ¥ )T
=5,

|11 (¥) = Taylor & B (0()|. < |di(x) — Taylor & (o (x))]

* Exact Quadratic convergenceE#£ 7 2 X R (Theorem
p.7)
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ZEHUAND—IRIEIZDNT
About the generalization to several variables

c F:Qc R™’ 5> R"

X1y X2y ey Xy Y15 ooes Y P (Fl(xl, iy Vi), eey By (X4, ...,yn))

e Assumption 18 %€ : The Jacobian matrix

0F 0F
= (XO' YO) —= (XO» YO)

(F) dy, 0y,
]aCXO Yo Fy) = an an € Matnxn(R)
' — (X0, Yo) —— (X0, %)

ayl 0,10 ayz 0,10

is invertible at the initial value X, Y,.
X 2 EATPEX,, Yolo b v TS E,

RPARGEIE AR U Xy >V OY, " F L,

FX,Y) = F(Xo, Y)Y (X, Y) EUXVND L XX 2D ¥ X /2

F. Y =dX) XX €U v D 2,
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About the generalization to several variables Il

* We can assume F(X,y,Yy) = 0orlet F(X,Y) = F(X,Y) —
F(Xo,Yy) (F(Xo,Yo)=0YXHBEL T DLW

s GX,Y)=FX +X,Y)
(orwecanassume X, =0.0rX, =07~ XBE L T L1k
L)

* We can compute as in the case of one variable the following
Taylor expansions at order 2° — 1, 21 —1, 22 — 1, 23 —
1,.—REDGH Y EIICHE Y % M3 CTTaylor & FH % 3t
535,

* P(X) =Y,

* &, (X)=Yy + Jacx e, x)(F) (X — Xo)

* By the multivariate Newton formula ¥ &3} ==2— M VY K
12
Oy 1(X) = O (X) — Jacy,o, o (F) - F(X, @ (x)).
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