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Review of Last Class el D1EE

* Finding real solutions of function f:E Cc R—> R
—ERBOEFEBAEDOER LR 5,
1. Bisection method =% /%
a. BESLRMELIET 57k,

Mehod that computes intervals containing a solution
b. Converges to one solution at a rate O (zin)
WIS 25— 5120 (55) TRRT 5.
c. Not Iterative Method. RAELiE D —4& Tl % v
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Visualization BJ$¥R1t

e Example: f(x) = e* -2 —x. |ay, by] =[0,2]

After 1 steps After 3 steps
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Revie

w 2: Newton’s method

1. Newton’s method in one variable

d.

b.

2016/10/13

Approximate a simple solution z: f'(z) # 0
BAR & ART B F ik,

Representative of lterative methods:

f(xn)
Xn+1 = Xn — £

RAR %D ,_;@ T. 4’&%«9’7 g7

Convergence is based on the contracting map

90 =x-5es, 9@ =1
IR RN & DN FRICEK D

If the initial value is near enough z, then the
convergence is quadratic

B I Bzt i, 2 IR DR X
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Geometric interpretation %2{a] B75 2 FR

* Example: f(x) = x% — 1 Initial value: x, = —0.31

Green: #)HA{E
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Remarks on Newton’s method

« Fib, MPMEx,F KDL ) ¥ T B LI
WZ YRR T ADIIHL W,
Difficult to guarantee that the initial value is near
enough to the solution.

* We may use the bisection first to isolate an interval
small enough.

—a— M R, ZGFErAWTELESL+THIC
ROWRE 2T 5 2 TE S,

c ZnlH LT (x ) fx )23t E L it o
RWERL FIISTAR. AREMEK LY Th WY EL
Wil ix, =1 f(x)=sin(x) f(x,;)=sin(1) =?
Problem to evaluate f and f".
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From iteration to an algorithm

REMNSTILI X LA
* Input: @ , f'(xo)

© gL preC|5|on €
oI A D & 1) 1R L W4 maximal number of iterations N,

e Qutput: AFzDITPA  orFailA v & —

1. =1

2. While (i < N,) do

3. x1 =20 — f(xo)/f (%)

4, if (|x; — x| < €) then Return x; End
5. elsei:=1+1 ; = x; (Update)
6. End while;

7.

Return [Fail] €- -close solution found after N,
|terat|3nsN @@ﬁ%—g R L DI CTez {v/\&j‘ay)%ﬂ)
Fail L 7z)
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Secant Method E|#&:%
e Z—a— M LIZBWTOR ULREND T T, VATIZK
Brd5
fn) (e — xp—1)

— x —_—
= T ) — [ Gn)
BB T B () ~ LN )

Bl f(x) = %X3 + x?% —
x — 0.8

FHAE : x, = —0.08
X1 = 1.5
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Modification for the secant method
ZRIENDER

* Only needs to change one line in the Algorithm of the
Newton method to implement the secant method.
BB FEOTNIT) X LE2ZEZLDIZ, Z—a— b ViFEDOT
WIT)ZLDT4 D=2 BETITL W,

e Input; @ #FE precision €
MIME  Initial values x # xq, f'(xg) #0, f'(x1) #0
O A D &R N iR L ©%% maximal number of iterations N,

Output: BzD HAAME  orFailA v £ — 3

1. i:=1
2. While (i £ N,)do
X X1—X
3 “b:xf_%éihﬁ?
4. if (|x, — x| < €) then Return x,; !End]
5. elsei:=i+1 ; = X1, X1 = X, (Update)
6. Return [Faill
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Newton’s method at a multiple solution
—a—bhUEATERBORYKL (ZEFFXTIO)

e b LIAZIZER TR NI E 2L, |/ @12 X
WY, RREBBAITESLH, 2FIRRTIE v,
If z is not a simple root or with near zero derivative,
then the method may converge but not quadratically.

X EFE L LF(2)=0,f'(2)=0, ¥x\W) ¥
Xz 3 EHT - =5,
f(x)

1) = )

I2BEWTIE, zIZBERTH 52 =0,u'(2) #0).

* Apply Newton’s method with u instead of f:
g(x) = x — p(x)/uw' (x)
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Newton’s method for complex functions

(BRI KHEAIHTE2=a—biK)

e f:D c C - C holomorphicon D (% &DIZER])
e f(x+iy)=ulx+iy)+iv(x+ ly)

ou ou

av
Cauchy-Riemann:— =— & = ——
auchy-riema dx ay ay 6x

*f(2)=0, f'(2) #0

c L Li. xpldfBzIic+mititnid, vAT ORISR
f(xn)

Xn+1 = Xn _f’(x )

1ZHE D B X B B (g, 0, o ) VYA O S % i 72
9 .
* f(x,) # 0 foralln.

" @
—l2f(2)
2016/10/13 BT R 11
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(&=ZF T/Z) Newton and Fractal

cIff:C>Czrz3—-1 has 3 roots: i
Zg = 1, Zq = eT) Zy, = e 3

217‘[ 21Tt

z(xy) € {1 e 3,e 3 Jtowhichthe Newton’s
iterations (xO,xl,xz,x3, ...) converge ?

(a2 x0¥ L. —2— by RBIEH B SN
2(37%0’ sz’lTE y X3, )Li\ ZO)*RZ(.X'()) (S
{1, es,e 3 JITIKRT 5 H.

* Problem: Given an |n|TI value xy € C, what is the root
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Xo is red - converge to
Zg

X IS green—> converge to
Z1

Xo is blue - converge to
Z2

Dark color: slow
convergence (UNER ZEHNE
LY)

Light color: fast
convergence (UNER ZEHVER
LY)

Since f'(0) = 0 (NG for
Newton’s method) the

starting point x5 = 0 is NG
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Principle of multivariate Newton’s method

e [: ) c R® > R™ Same dimension n. [8] U X T.

0x4 0xXn
Jacx(F) =| : : | Jacobian matrix ¥ 7 £
) - 0 0xp, .
7% = *
Xni1 = Xn — Jacy (F)~'-F(X,) € R"

" (DD FEEDT T, FORIKZI2FR R
%
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