Chapter 3 EIL 1R ARENEE. REX
Section 3: Overview of Relaxation method
and conjugate gradient
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Relaxation methods are based on Gauss-Seidel iteration
with modifications to accelerate the convergence.
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The conjugate gradient method is an iterative descent
method. (Assume that A is symmetric definite positive)
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Subsection 1: Relaxation method #&F0:%
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Toward a smaller residue ®HBEZZLUHh1Ed 5

Principle /& 32: Choose x(k) at each step make smaller:
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* p(T,) is difficult to compute in general
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Choice of w

e If w > 1 then such methods are called over-relaxation.
w>1 DK, EF|(Feif) g Faik ¥ v,

SOR: Successive Over-Relaxation
R IR %J Qﬁ\%aﬂ&'

* Used in lot for linear systems coming from

discretization of EDP (tridiagonal, )
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Example

* Consider the following tridiagonal system:
4X1 + 3Xo = 24
3X1 +4x> — X3 = 30
— Xo 4+ 4X3 = —24

» Compute the matrices D,L,U and T, = (D — L)~'U
» Compute the vector ¢, = (D — L)™'b

* Deduce that the equations of the Gauss-Seidel system

are: ) -
X\ = _075x "V 16

) = —0.75x\") + 0.25x " 4+ 7.5
X =0.25x)) — 6
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Example 2 SOR with w = 1.25

* After computing the matrices
(D — wl)™}, (1—w)D + wU

: 0 0 -1 -2 0
4 4

_ 15 1 2
64 4 0 0 -1 4
I =5 1 0 0 -1
1024 &4 4 !/

 And computing the vector c; = w(D — wL)~1b
105 243\7
(o2, -22)
We find the SOR system x(®) = Tsx(k U 4 Cs

) = —0.25xK ") _0.9375x " + 75
ng) — —0.9375x") — 0.25x{"") 1 0.3125x{* ") + 9.375
x{ = 03125x) —0.25x" " ~75
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Convergence comparison

Gauss-Seidel lterations

k 0 1 2 3 . 7
x) 1 5250000 3.1406250  3.0878906 3.0134110
X\ 1 3819500 38828195 39967578 3.0888241
x99 1 _5046875 —5.0292969 —5.0183105 _5.0027940

SOR lterations (w = 1.25)

k 0 1 2 q . 7
x| 1 6312500 26223145 @ 31333027 3.0000498
x) 1 35195318 39585066 4.0102646 4.0002586
x) 1 _-6.6501465 —4.6004238 —5.0966863 _5.0003486
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General results

* Theorem (Ostrowski-Reich)
If Ais a positive definite matrix (:E. £ 4847 %]) then
p(T,) < 1 (convergence X KX ¥ %) for any value of
O<w<?2

 Better result is known if A is moreover tridiagonal (% P
L ZERATHNE LX) WSRO
TwW5)

* |[n general, it is difficult to choose a good w.
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Subsection 2: Conjugate Gradient method

Works only for positive definite matrix (.E E 84T %] 7= 17)

Work best for sparse matrix like tridiagonal
ZERATIIO L ) REATIIC#EM TH B,

* We will describe the basic method but to be efficient, more
care is necessary. 2=t L EIE A LR T A 5. ERMLT S
iz, X XK FEAHLRE

e Because problems occur when A has small and large
eigenvalues (that is has a large )
L LIE, ABKREVWE YIS EAEY D B
Y XICHAVGELCFS ( HREIVY WD)

* This problem cannot be known in advance. Some
“preconditioning” is necessary,
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