Chapter 3 EIL 1R ARENEE REE
Section 1: Jacobi & Gauss-Seideli%

« RIBIFIL, GRALATHNIDERTHZ L X128
E2Th 5,
Iterative methods are efficient when the dimension of
the system is not too small and when there are many
zero entries.

s R TRERNBRIB W, BRG D% WiTHIC
EHEINT, I ELrbRLTWE,
Discretization methods for partial differential equations

produce such matrices so iterative methods are used a
lot.

e Principle J2¥2 : Ax = b. Initial value #7#AME  x(® %
LPEh R {xUYE, Ilirglo‘x(k) — x| =0.
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Jacobi’s method %?3aE % (Easy !)

cAx=b » 5L
bi Cll'ij _
ainj:biﬁxi:—— , lfal-l-;tO.
. Ajj &= Qi
Ji J#1

* From the (k-1)-th iteration x(k—1) compute the k-th
iteration x%) as follows:

Fk-1RAExE D s &, FRRAEXE) 2 yATF o RIAE
W HE T 5 _—

X, =—— E
Ajj Ajj

J#I

2016/11/17 t AR



Jacobi’s method in matrix form
x0) = Txk=D 4 ¢ LWVSFHIORDOYIE

s RIBZFHTAT L LI, BT 5 X912,
L) —RE2RA»ELN THTERNTH 5,
Iterative methods are conveniently described by a more
general description.

c BITIRFIBERNAx=b 2D FTFERx=Tx +c
ICEB-T A2 THSL (T/ZTF], N7 MIV) o
We transform the system Ax=b to an equivalent one
x=Tx+c with T a matrix and c a vector.

c AN PILXxO R ER L 2hH Y, RIEEEIC
T E 5
x) = Txk=1 4 ¢
Then the iteration consists of the above formula.
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Jacobi’s method in vector form
x0) = Txk=1) 4 ¢ LNSRHM LD IE

e Let D,—L,—U be the diagonal, the lower part and
upper part of the matrix A.
D,—L—-U%iTP|IADFAD. TZA¥S. L=A
KT 5.

A=D—-U-L
(ay 0 -~ 0] [0 -ap -~ -an | [ 0O - - 0]
A = 0 ax : + D ' : 4| @ ' :
: 0 —dnp-1.n : . . :
| 0 0 ann_ _O 0 | __am <o+ —app_1 0_
e(D—-U-L)x=0>b Dx=(L+U)x+b

cx=D"1(L+U)x+D71b T =D"YL+U)
c = Db, x5 = Txk-1 4 ¢
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Jacobi3EM 7 ILTN) X Ls

* INPUT: n,a;; AD P57 b 7% b;
¥ E e RRDRIEE@E N.
?}];ﬁ):]’\7 ]‘ Uz x(O) = (yliyZ! ;}’n)
e OUTPUT B D AN 7 MV x4, Xy, oo, X
or ImRKREGEKL#Z 7]

>»Stepl: k=1
»Step 2: While (k < N) do Steps 3-5
»Step3:Fori=1,..,n do x; = % — Zjiiag')_]j

»>Step 4: If [|x — | < € then OUTPUT x;
»Step5:k=k+1; Fori=1,..,n doy; = x;

>Step 6: OUTPUTIR K R {2 ©I %k % #2 Z 7= (FAIL)
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Comments on the algorithm

¢ Vl, Aii == OZ?F\E]:/H{L f:o
B o6, ITOEHREIT) 2XIZL > Ta; #0
b,
If the matrix is nonsingular and if a;; = 0 for some /i,
then a reordering of the lines permits to assume that
thereisno a;; = 0.

c F5E I T ASTOPEE# |25 W T T,
1 =Yl <€ PR iz B o cps 10 <

¢ ]| 0
W 5

There is another STOP criterion for the tolerance €
which commonly used as well.




Gauss-Seidel ;ED R IE

e Y IERMBIZBEWTDORNR,
(k—1)

(k) _ bi Lj )
X =—— E
A A

JES!

cFomxicksr, P2 HETL e X2, 1)
(
X](

)] 1,..i—1D W75 % ’Tﬁéﬂ’(“%b‘\
)z m«z Y ) ERARE R T H B,

e According to the process, when we compute xl-(k) with

(k)

the above formula, values x; %, J=1,..,i—1have

already been computed,

e and they are more precise than x]( 1
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Gauss-Seideli D = 18

(k—1) (k)
L0 _ b z ayXj z aijX;
i —
a.. a.. a
i =i i i<i i
\ Y J \ Y )
Same as in Use more recent
Jacobi’s method update

YaE&RERL FYFEFTHEZ(ED

e Jacobi7 IV T ) X L(X—V5)2 B¢ 5 .

i Step3f. ’)‘ %.’ X#/) Z.) o
»Step3:Fori=1,..,n do

v = bi Zauy] Xj
;= — — _ A
aii A Aji

J>i j<i
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Example: comparison Jacobi vs Gauss-Seidel

0.0000 -0.9873 -1.014 —-1.0025 —-1.0003 —1.0000
ng 0.0000 0.8789 0.984 0.9983 0.9999 1.0000

10X —  Xo+ 2Xs —6
o
Test —X1+ 11Xo — X3+ 3X4 =25
2X1 — Xo+10x3 — x4 = —11
I — X 9= 15
« x(9 =(0,0,0,0)T 2 318X
k 0 1 2 3 4
x) 00 06000 1.0473 09326 1.0152 -.-  1.0001
e Jacobi X9 00 22727 17159  2.053 1.9537 ...  1.9998
x) 00 -1.1000 -0.8052 -1.0493 -0.9681 ... —0.9998
x) 00 18750 08852 1.1309 09739 .-  0.9998
k 0 1 2 3 4 @
. Gauss- x\") 00000 06000 1.030 1.0065 1.0009  1.0001
, xék) 0.0000 2.3272 2.037 2.0036 2.0003 2.0000
Seidel (k)
)
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Gauss-Seidel’s method in matrix form
x) =T x4 ¢ EVNSTHIOHDIE R

A=D-U-L
(ay 0 -~ 0] [O -ap -~ -a, | [ O
A = 0 a2 + : 4| 2
: 0 . —an_1n : . .
0 - 0 am o 0 i | —dm -+ —danpp-1

Gauss-Seidel: (D — L)x® = Ux®=1 L p»<X h 52>,

e x() = (D - 1)U x* D +(D-L)"1bh

*T,=(D~-L)y'"Wandc, =(D—-L)"'h¥ B ¥ ;
x) =T x4 ¢
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