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* Direct Method for Solving Linear Systems
Direct Methods # Iterative Methods
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Setting E%5E

» System of n linear equationsinn varlables X; ...,x

ﬁ"\é’taiixl, X 122 —IR FFENE], ...

E1: ai1xq1 +a12Xo +---+ aipnxp = b1
E2 . a@o1Xq1 +agsXo + -+ @opXp = b2

En: apiXq1 +amXs + -+ appXpn = bp

. %iﬁaij, b; € R. Real coefficients.
e Matrix Formulation:47%| T : A-x=b
A= (aif)ij’ b= (by...b)", x=(xq, .., x)7"
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Introduction

* The representative of direct methods is the Elimination
method

TAV 7 NEOREKA LB LT, HEETH 5,

* |n practice, approximate numbers are used so
appear.
BAREG I, mME 2 RIH T 5 2 2 T, 5
%{#’L Zo) o}

* Goal: Analyze the round-off errors and keep them
under control
ELEN COMDBELBNML LA LT
»H 5
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RS
A

ugmented matrix: 3 K47 7|

[ a11 aix -+ ain | b

ayy axp - a| b

Abl=| o o
an1 a@n2 - apn | bp |

 Upper Triangular form (L= A M. L= #A41T77])

| ai1 a2 -+ ain | a1.n+1
~ 0 a ... & a _
i 29 2n 2.{7+1 > EOEE
: . : [A, b]0>1%ﬂau
| 0 - 0 am|anns | &3

* Aim: Reduce the augmented matrix into triangular form

H&y : I RKATP| 2 ZABICEE-T 5 2 ¢
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= IX: Backward substitution & ELA

* From an upper triangular matrix, the process of solving is
called backward substitution:

E=F4T75 06 FAENE BRI ZHERNY W

at1 a2 -+ ain | a1.n+1
0 ax --- az|axn+
0 - 0 ap|annst |
a
. x, = nn+1
Ann
. __ An—1n+1—aAn—-1n*n
xn_l — [N ]
An—-1n-1
o s = it Ky 1 KAy Hia Ain+1~Lj=i+1 FijXj
' aii aij

* Big Assumption: all a;; # 0
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H o X BZE3E Gaussian Elimination with
backward substitution.

* There are n steps.

a1 ai - ain | by
ax axp --- axy|bs
an1 @n2 -+ @nn|bn

1t Step: AV = [A]b]

A®, A®), ., A-D)

v

air a2 -
0 a22 o
0

Backward
substitution
ZHERXA
a1in | @1.n+1 j r
azn | a2.n+1
ann | An.n+1

nth Step (last): AW

* Intermediate step: (example the k" step)
FHAAT Y7 BlZIE: BkAT v 7)

kth Step : AK) =

A has

entries a(k)

ij

2016/10/27

[ a

(1) (1) (1) (1)
A I
0 &y azm - ak.q

(k—1)
A1 k-1

0

0 0

O

NONE

(2) &) &
ayy asp as ni1
(k—1) (k=1) | (k=1
Ay _1 k A_1n | QU—1.ns1
(k) (k) (k)
Ay Qyn Ay ni1
(k) (k) (k)
ank ann anJ%+1 _ 6




HORBEREDATYT

o k-thstep: HkA 7 v 7 )
To compute the matrix A%) from the matrix A~
FTPIAR V57540 2 Kb 5 2 v,

r(l,gf_l) when?2=1.2.....k—1and §=1,2,...,.m+1
0 wheni=Ekk+1,..., nand =12 ....8k—1
\ k=D
(1,55—1) — ﬁ ay\_-ll]) wheni=k, k+1,..., nand j=k,k+1,..., n
! Af—1,k—1 |
e AT KT BIHFAOD B el FHIACD DR
13a% Y
Lj .

Only the last k lines may change & PkiT= T2 X b 5,

Lgst k entries of the k — 1-th column become 0
Fk-17]| D RIAZ DK T II0% & 5,
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Case of failure kBN IHZE

* The procedure will fail if one of the diagonal element the

. 1 2 n—1 n) .
“pivot”) a§1)' agz), e af,l_l 7)1—1' a,(,m) is zero because

the step
agl), agzz), gty a,(gl)ﬁhd) Oy, Zo&EFfFI131%

'’ 'n-1,n-1’

BT 5, ¥ELLIIE, ATDAT v 7%

(k—=1)

G- @; 1 k=D
A1 k—1

1) _(2) (n-1) .
112 Qo0 s Ap_10n-1 15

zero) or the backward substitution fails (when a,ﬁ’,? = 0).

Y 2L TE RV, ah), e ann VT RO 0D

Y XV o, BERARITZ AW (al =00 v x)

n

cannot be performed (when one a
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Example

* Write the matrices A, A AB) A4 of the 4 steps
of the Gaussian elimination. 7' ™7 Zi§EE D@D 2
7_’. V4 70 i’ %‘ Ld‘ 0

* Then solve the system by backward-substitution.

2D h v, BRERNERAWTELHTHENE BT

= X1+ X +3x4= 4
EQI 2X1— X2 — X3+ X4 = 1
Ez: 3X41— Xo— X3+2X4=-3
Eqs: —X1+2X%X0+3X3— X4= 4
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Section 2: pivoting X EH:E R D IE

c NI RAMEETOREKAT v 7I2BWT, 3 L3
a,((’,? =0 (pivot=E&R v b=¥ 9 or R#EY
1) VRN Lo, HAHFELEELZLOITEL
\N, If during the k-th step of the elimination a pivot

a,(\,",? = (0 then we cannot pursue the computation.

c /MBI TLHL VWL EL, WHBELNZL S
¥, Or, even if the pivot is not zero, in order to limit
the round-off error.

(k) _yn (k)

20~ > - a =k A i o
* /fizﬁ/f){t)\m Z % L~ N xk — fon+1 (Jk) LR, N al(cllc() 7‘)7)
a

~ > kk AV
DI, FEDBEEVRE(EKT 5,
Duringg the backward substitution, if a denominator is
small then round-off will increase dramatically.
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Example of round-off errors FL&FRE DB

f 11 4 #7 T, 4-digits precision.
e Example: E;: 0.003 x; + 59.14 x, = 59.17
E,: 5291x, —6.13 x, = 46.78
« EFELHF x;, =10 and x, =1
* Tho o o HEFIMMEERLL TE-26, o
(on the blackboard, Z 7k T)
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Partial Pivoting B4 fX &2 O

« 225y ZlibwT, B nRb )iz, BU
DT,

()
lk

()| _
af?| = max
LTkt R, BpITE, ¥ BITE + Rk
T 5,

. ifﬁﬁdﬂa(")f kAT T ERT,

e Example: E;: 0.003 x; + 59.14 x, = 59.17
E,: 5291 x; —6.13 x, = 46.78
(on the blackboard)
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Algorithm 1/2 (partial pivoting)

* INPUT: = R4T7] A=|a;] 1<j<n+1 1<i<n
e OUTPUT:##xq,...,x, or ["HE—7%TZ W]

>Step 1:row(i) =i (#1HA1L initialize row pointer)

»Step 2:Fori =1,..,n—1do Steps 3-6 (7H 2 %)
>Step 3:|@row(p),i| = max |@row(,i]

Al i<p<ntEDH 5L,
>Step 4: If arop(p),; = 0 then OUTPUT “F& A% 72\ END
»>Step 5: If row(i) # row(p) then

» tmp =row(i) ; row(i) = row(p) ; row(p) = tmp;
o2 HET 5 row 18 D switch.
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Algorithm 2/2 (partial pivoting)

»Step 6: Forj =i+ 1,...,ndoSteps 7-8
»>Step 7: Let Myoy (/)i =

Arow()),i
Arow(i),i

>Ste|g 8: 'ﬁ'm i‘fgﬁ" : Erow(j) < Erow(j) - mrow(j),iErow(i)
>Step 9: If Ay (n)n = 0 then OUTPUT "H— % A A7 40 v,

»Step 10: x;, = arow(n),n+1/arow(n),1}
(Backward substitution % E£MRN 24540 5)

»Step 11: Fori=n—1,n—2,..... ;2,1

n
Arow(i),n+1 — Zj=i+1 Arow(i),j * Xj

Xi =
Arow(i),i

»Step 12: OUTPUT x4, X5, ..., Xy,

2016/11/3 AT AR 14



s partial pivoting always enough ?
O IREEEIC+ 57

T AY DR T RFEND Y
> =77 ZAlEFRIIAFISHE
* Example: E;: 30.0x; + 591400x, = 591700
E,: 5291x; — 6.130x, = 46.78
(page 3-4DF| & 5] L' 225, E{i21 OFF/ZL /7, on
the blackboard 4 #7 »#5 /%, 4-digits precision)

B, AR Eh %
A%, .
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Scaled Partial Pivoting SR ZE &R o7 HR EHE T |
%mﬁ\@ﬂ »IZIIFLRX 3122525
FAETH S,

RV s = maxlSan‘aij‘ i S

s is, =00 s. BOBEEIIY ) LB

* Vi, s; #0 AEEL L9,

c B ke o 1%l o el
p
YT R p=1 2ED S,
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Scaled Partial Pivoting ZRI ZZ2ER 7 AR ERIE T |

* RMID AT v 7ORIMKIS, BRIk x; 2HET HIRIC
(HiAT v 7)p = FV‘ATmivc:i <.
Ayi |ak|
= daX
Sp <ksn Sk

s fTOR¥E (E) o (E) 2479,
c Zn by, LRICHEEET,

« EF: BRI 51,5y, .S, rEMICIGETHET 5,
The scaling coefficients s4, ..., s,, are computed once at the
beginning.

c IR FT AL 0L T, TRBLUFBKICKEET 50
X ) THh %, They depend on the lines so their index should

change with the column switching.
 Example: (on the blackboard).
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Algorithm scaling partial pivoting

Same as in page 4-5 (partial pivoting ¥ X %] U)
e-Just change Steps 1-3to: A 7 v 71-37- 11X b 5,

*Stepl:Fori=1,..,nsets; =max1<1<n|au‘
 If 5; =0then OUTPUT [H— %A T7% W]
* Elserow(i) =i (##A4L initialize row pointer)
e Step2:Fori=1,..,n—1 do Steps 3-6

| Arow(p), L| |arow(j),i|

* Step 3: = max

Srow(p) Isjsn Srow(j)

rimldi<p<ntEDHL,

2016/11/3 it AR
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Section 3: Matrix factorization 1751 47 fiZ

AR EFELEFITH T 5,
Let A be a square nonsingular matrix.
L. URZNZEN TZATPI X LZAITHI 46T, In

this section L and U will respectively denote a Iower and
upper triangular matrix.

s LUGRYIZ, A=LUR B 7=THED T ZAITIILY.
FE=AT2|IU% B.o 17 %5 2 ¥, An LU factorization of A is
the problem of find matrices L and U.

c WILUD B HFEL FERENZAx =bIH 7 R
/%J%&z&z\)ﬂa“%z :\ T@x%ﬁﬁb 4ﬂoa<’<tﬁﬂf
EH0R A3 12EAT 5, An LU factorization does

not always exist, but it does when Gauss elimination did not
require rows interchanges
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Why LU factorization?

* Suppose that A = LU and that we want to solve Ax = b.
A=LU%BEL, Ax=b% B 37~
* Then LUx = b gives Ly = b with Ux = y.
* First solve Ly = b by forward-substitution -
KN ERAND X )1 Ly=b%2HWI{yiiF b,

* Second solve Ux =y also by backward substitution
BERNTUx=y2H 2 X Tx2 55,

« B -FHERNDITEEIZOM?) DT, o RiHEE
d)’g,‘fja.lﬁ‘O(n?’) 1IN T \«\(,ﬁ;‘)/vﬁ?ﬁﬁ Td 5, Since
backward substigution only requires Ognz) operations, and
elimination O(n>) this is much more efficient.

« 12 LUD ARSI R T 5 DIC0MP)ER V0005 |

e WL O DNY MILbITH T HAx = b 1 RFTAZN
RS XSRS H B
When several systems Ax = b for different b are necessary
to solve, it is advantageous.

2016/11/3 AT AR 20



How to obtain the LU factorization? |

c —Ia, PO RBEE L TAICH Y REEFEEET
TEhrxwrlREL2L LI,
For now, assume that Gauss elimination does not
require row interchanging on A.

cHODEICLB Y, BnAT v 7. LN BITH %
ARy 2 x 2 m,;y;»,y\agf) yEZnwi, (k=1,..,n)
In the last section, we denoted the matrix obtained at
step k by A% and its entries by ag.c). (k=1,..,n)

¢« LRORTITL B v, AEEhal) # 0125 )
The above assumption implies that the pivot a,((’,? *+ 0

2016/11/3 t AR
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How to obtain the LU factorization? |l

* Question: Find a matrix M@ such that:

Bl A ToRF2#E-274172IMV %2 £ X,

ML .4 =42
i (2)
agzl) A1 n-1
0 agzz)
e Remember that 4A(® =
' @)
0 An2

e Answer: (try with n=2 first!)

2016/11/3 it AR

(2)7
A1n

(2)
Aon

2
.

22



Construction of the U matrix

e MV . Ax = A@)y = MDp = p2)
o« Mk-=1) . gk=D, = p(B)p = ppk-D p(k-1) — p(k)

1 O ... .. a0l 0
0 1
e M® = | S My = ag’g
: DMk : apy;
' 0
0 —muy O 0 1

Upper triangular

=175

e U =MN-Dp -2 n=3) ... p2)g = g

2016/11/3 AT AR 23



Construction of the L matrix

* We want to reverse the elimination of the variable xy:
B, DiHEEHICT 5 1 ARFD 5 40)
MEAC = gG+D) e, 00 = [g@O]

1 0 i e 0
0 1 ;

* Compute L) = o,
(Try with: [(1) (1) 8‘ Mk :

0 —my 1 : 0

0 mn 0 0 1

e Bk L =L0.. 0-2)7n-1)

2016/11/3 it AR



Construction of the L matrix
LD .. =2 (- (- prn=-2) ... gy g = 1AM = LUy

It |s£{;)e%sy toprovethat VAT 23R8 T 503 L ( &

[ 1 o ... 0 |
Mo 1
L =1L . n=-1)_ -
0
| Mp1 Mpp—1 1 |

(l)
Where m;; = (l)

ll
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LU factorization E£& 8

Theorem: If the Gaussian elimination applied to the system
Ax = b requires no row interchanges then the matrix 4 can

be factored into A = LU where m;; = a(l)/a(l)

b LAY REEEITES 1//\77$1§2Ax = Dbl T 5 v
XIATORY Wi 6, A=LUGED sz)') 7L

(1) (1) (1 1 i 7
a1 ai, 1 0 0
0 8(222) Mo 1 :
a1 :
an_1.n .
0 0 aﬁvn% i | Mp1 Mn n—1 1 A
26
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Example (same as page ??)

* Write the LU factorization of the following matrix A
ITPIAD UG % Kb L

1 1 0 3 1
2 1 1 1 1
A — 3 1 5 and b = 3
-1 2 3 -1 | | 4
o
e Use the system to solve Ax = ¢ with ¢ = 174
_1_

2016/11/3 st AR A



With Row interchange T XL T

* |f a pivot a

i
gi) = 0 or to control round-off we make
some row interchanges in Gauss elimination, then we
need to record these interchanges in a so-called

“ ” P and the factorization is

| PA=LU.
b LR#MaD =03 413 ADBELWZEEDIC
TORBEITINL, Z2ORPE% Y 9

LD ERHAWTEEHEL, PA=LUTB+F LN 5,

BRI EBRITHOBE T2 LEL &),
Let’s start by a review of permutation matrix.
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Permutation matrix & ¥2175]

* A permutation ¢ of the set {1,2, ..., n} can be written
by a4, a,, ..., a,, with pairwise distinct numbers a; €
{1,..,n} asfollows:

{1, ... nJoE#pray,..,a, TLTTHETH
5 ! (i) = q;

* Definition: The matrix of the permlljjcationagb_i is he
1

unique matrix Py suchthat Py - | | = :

L N an .

write the matrix of the permutation 3,1,2.

. .p—-1 _ pT
Theorem.P¢ —P¢

Proof: Show that if Py = (p;;) then p;; = 1iff j = ¢ (0).

2016/11/3 At SRR 29



Multiplication by a permutation matrix

BITHICHEZT S

* If P is the matrix of the permutation ¢ , and row; and
column; denote the i-th row and i—th column of a matrix,

then
L LPIZEHRGDITHI Y L, row; ¥ column; # 2N %

NITFI D FHiB AT, HiBF LY niL,
row;(A4) = rowg;)(PA)
column;(A) = columng(AP)

* If we know the row interchanges of A performed during
Gaussian elimination, and if we record them in the
permutation matrix P, then no row interchange is necessary

to the matrix PA
T, ITORBrEEbEAIL, ZNE2ITH|PICHHKT
NiX. ITPIPATIIIT O RBEH TRETH 5,
= Just use LU factorization on PA
ITPIPAR - OLUD 218 9
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Example A = (P")LU

* Find a factorization of the form A = (PTL)U for :

"0 0 -1 1
1 1 -1 2
A=l 1 1 20
1 2 0 2
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