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Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[4/20-27] L2-3 : Functions and
graphs. Plotting with Mathematica |

(F52%7T0yh33)
[5/7] L4 : Infinitely small and large :
limits (15[R)

[5/11] L5 : Differentiation (E$ET4E
E D IR)

[5/18] L6 : Differentiation Il :
extrema, related rates ... (}B{EL...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion

(Za—kriRETA5—ERH)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus F&E5I.

[6/8] L9 : computation of indefinite
integrals F~EE»D

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ R: &k, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (B =M Il)) werkofaforce:

[6/29] L12 : Ordinary Differential
equations (one variable) &5 A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME Mo A T2 BRANIR
¥+ (RIEA/DSUDVIRYF. (£43)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFI|FHL TE M7



ODE Il; content

1. 2" order linear differential equation
2[ERIZEM D AEX

2. 2" order linear equation and harmonic oscillator

2[E IR E WS HIRXEFAMIREF

3. Solving 2" order linear homogeneous equations
BRIG2EREEMH AR ZHL
4. Interpretation of solutions to harmonic oscillators with

damping. ZDENBEHRFIIREIFIZ5 Z HEFR

5. Solving non-homogenous 2" order linear equation.

Harmonic oscillator with forced vibration.
BR TV 2EREEM D AERZEL, AmFHlEAFIREF.



2"d order linear differential equation
" [EiR M AREK

* A solution ¢(t) to the 2" order differential
equation y'' = f(t,y,v') satisfies:

¢"(t) = f(t, o), ' (D)

 Linear: p(t)y" + q(t)y + r(t)y = g(t)

* Homogeneous (BERLEHEM I HER)
p()y" +q@)y+rt)y =0

e Constant coefficients: ay” + by’ +cy =d

* ;¥: there is no direction field | (HFEIZHLELY)
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2" order > 1st order system of 2
equations in 2 unknowns

v =ftyy)

cyi:EiCcR->R, y,:E;,CcR->R

Y1(t)) 2 2
Y=< E. X E, c R > R
v (t) 1 2

* Lety;(t) = y(t) and y,(t) = y'(¢)

, (v _ (Y @O _ 3 Y2(t) )
v =(5o) = (o) = Fev®) = (f(t, 110,72 (®)

«If f(t,y,y")islinear:y"" = ay’ + by + c then

v =(y )Y+ ()

is a linear system of differential equations.



Vector fields in “space-phase” (iit8ZEfE)

* Predator/prey equation (L6-1, Slide 22)

p'(t) = 0.5p(t) — 0.3q(t)p(t) System of 2 differential equations
q'(t) = —0.7q(t) + 0.2q(t)p(t) [ in2unknowns p and g

* Let’s find the vector field in “Space-phase”
p | q|p |q
2 1 0.4 |-0.3
3 2 -0.3 |-0.2
4 3 -1.6 [ 0.3
5 4 3.511.2
6 3 24 114
7 2
8 1 1.6 | 0.9

* Autonomous equation. If not, the vector field is animated
(change with time)
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Plotting the Space-Phase with Mathematica

VectorPlot[{0.5p-0.3p*q,-0.7g + 0.2 p*q } , {p,1,8} ,
{q,0.5,5} , VectorStyle -> Arrowheads[0.02] , PlotRange
-> {{1,8},{0.5,5}} , VectorScale -> 1]

VectorPlot [{0.5p-0.3p*q , -0.7 q + 0.2p*q} , {p,1,8} ,
{q,0.5,5} , VectorStyle->Arrowheads[0.02]]
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Direction field and vector field in the

space-phase (ARIGEMEZERTORIRLIG)

e 15t order differential equation with 1 unknown
v'=9.8 — 0.2v (L6-1, Slide 6)

Direction field (L6-1 slide 9)
LU N U L N T U U U U U N T Y
W, W, W, W, W, W, W, W, W, W, W, W, W, W,

& F & & & & & & & & & & & & &
f «F « &« Ff F & F F ¥ F F ¥ ¥ &
f A A A A A A A A A
(4444 L 444444444

1 10

A4 4444444444444 1

]

!

Vs Space phase

i

30

1 dimensional space-phase. It is never
used in practice. “Space-phase” is use

for systems of diff. eqn.

1TRITDLIABZER], EFEMICFEHN TV
W B ARARDGEELN TS,

« 21 order linear equation > use space-phase
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ODE Il; content

1. 2" order linear differential equation
2fEMRIZE WD AEX

2. 2" order linear equation and harmonic oscillator
&R E M AR SRAFIIREIF

3. Solving 2" order linear homogeneous equations
BRIG2EREEMH AR ZHL

4. Interpretation of solutions to harmonic oscillators with
damping. ZDEMNBERFIRENIFIZSZ SR

5. Solving non-homogenous 2"? order linear equation.

Harmonic oscillator with forced vibration.
BR TV 2EREEM D AERZEL, AmFHlEAFIREF.



Typical example: Harmonic oscillators
K=H: SFFIREF

* Definition: System that when displaced from its
equilibrium position, creates a restoring force

EH HEMENCR T E B NLEND,
e {5l] : Spring-mass system ([T B ER):

e With/without
damping ([B=
DEHE)

e With/without
external force (4}

DB E)

* Another example ? RLC electric circuits (& & [A])




Spring-mass system : IFRBEE%

_—

* Newton’s 2" law: m a = ), force
* Gravitational force F;, restoring force Fjp

u(t):Displacement
from the
equilibrium
position: &I &
Mo

>
=
b
)

Equilibrium
position: mg =
Fo =—Fp =kL

* Hookes’law: F, is proportional to the L + u(t)

Gravitational ng/_k (L %_ kU(t)

acceleration E k: string constant L: Distance bety\{ee.n sprlng.sj natural
AINERE (T %) length and equilibrium position
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Simple harmonic oscillator B HIRENF

Without damping nor external force (4t htiH=HE)
mu''(t) + ku(t) =0

This is called “Simple harmonic oscillator”.

* Exercise: can you find solutions ?



Harmonic oscillator with damping

T AR MR B F

A damping force is opposed to the direction of
motion. Usually the force is proportional to the
speed. Here F, = —yu'(x)

EIZLFITHZETH D)

u(t):Displacement
_—— — from the

\ equilibrium

position: I E &
MBERL

Velocity

Newton’s law: mu''(x) = F. + Fr + I, = —ku(t) — yu'(x)
mu''(t) + yu'(t) + ku(t) =0

2015/7/13 13



ODE Il; content

1. 2" order linear differential equation
2fEMRIZE WD AEX

2. 2" order linear equation and harmonic oscillator
&R EM D AKX ERFIIRENF

3. Solving 2" order linear homogeneous equations
BERIG2EMEEMI ARERZHELS

4. Interpretation of solutions to harmonic oscillators with
damping. ZDEMNBERFIRENIFIZSZ SR

5. Solving non-homogenous 2"? order linear equation.

Harmonic oscillator with forced vibration.
BR TV 2EREEM D AERZEL, AmFHlEAFIREF.



Solving homogeneous linear differential

equations: use linearity!

* General principle for homogeneous linear equations (&

k@"f?ﬁﬁ"’ﬂ Vﬁz‘ﬁl F'a'ﬂ?'%) A%7r[RIE)

0022+ 0, ©F L kot a0y = 0

e Linearity properties of solutions (£2 D #R 2 %)
If y,(t) and y, (t) are two solutions then:

vy, (t) + v, (t) is also solution.

Ay, (t) is also solution, 1 € R.

d™(y1(O)+Ay, (1)) d™y,(b) n AdnYZ(t)
dtm Cdn dtm

* Why? Because

2015/7/13
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Homogeneous 2" order linear equation
with constant coefficients
(EBRFRIE BRI AE)

ay" + by +cy=0

 with a, b, c € R.

* Fact: The set of solutions is generated by two (linearly
independent) functions.

BEOEAERD (—RMILE) D ZDITEMSND,

» Characteristic equation: ax? + bx + ¢ = 0
A = b* — 4ac

* If A > 0, solutions: x4, x, = (—b + \/Z)/Za ER

 Theorem: If A > 0, the solutions of the diff. eq.
ay" + by +cy =0

are of the form:

Ae 1t + Be*2t

forany A4, B € R.




Initial value and Uniqueness
PHEE—Z

* For 1%t order linear differential equation, the condition

y(0) = y, guarantees uniqueness.
gﬁféﬁﬁzﬁ%mzfmt%a V(0) = y MIEAG L — Bt %
A

(e}

* For 2"d order equations, we need two con,ditions:
y(0) = o, y'(0) =y,

e Exercise: Find the (unique) solution of:
y'" +5y"+ 6y =0, y(0) = 2, y'(0) = 3

Characteristic equations: x? +5x + 6 =0, A = 25 — 24 = 1.

X1, X, = —2 = —3,—2 = General solutions: y(t) = Ae3¢ + Be~2t

Initial Conditions: y(0) =2=>A+B =2, y'(0)=3=-34-—-2B=3
B =09, A=-7 y(t) = =7e 3t + 9~ %t

2015/7/13 17



Case of complex solutions (I1)

A=b?>—4ac<0, A=i?-(=A)
Roots: x1,x, = (b +ivV—A)/2a € C

Solutions: y, (t) = e*1t  y,(t) = e*2t ... Complex valued

functions (8 R1ERE%L)
Can we have real valued functions ? (E#({ERE%k)

ot V=A
e y,(t) + y,(t) = 2e 2acos (Z t) is a real valued function (%4
ERE#D
b
y1(t) — y,(t) = e_i (cos (zEaA t) + i sin (ZEaA t) — COS (—ZEaAt) —

<\/—_A)> ,_E_<\/—_A>
isin| ———t )| =2ie 2asin t

2a 2a

2015/7/13 18



Case of complex solutions (1)

cu() = (y1(6) = y,(D))/2i = e 2 sin (Zﬂf t) ER

e (t) = (yl(t) + yz(t))/Z = e_zl‘j_; COS (ZEaAt) e R

* Theorem: When A < 0, the solutions of ay” + by’ + cy =

0 are of the form
Au(t)+ B v(t),forany Aand B in R

* Exercise: find the set of real valued functions, solutions of y'" +
' +9.25y = 0.
hat is the solutions with initiallvalues:
y(0) =2,y'(0) =8.

t t
 y(t) = Ae 2sin(3t) + Be 2cos(3t). y(0)=B=2. y(0)=34-1
t t
« A=3, [y(t) =3e 2sin(3t) + 2e 2cos(3t)

2015/7/13 19



Case of double solutions A = 0 (l)

e Example: y"' +4y"' + 4y =0

* The characteristic equation x* + 4x + 4 hasa A =
0, and indeed is equal to (x + 2)%.

* The two solutions y;(t) = e™%t = y,(t) are equal

and they don’t generate all solutions....
(ZDEIE—ELTLFEWN. IRTOHEZTERT S EIFA
LY)

e ldea: @  Check that te=2t = ¢y, (t) is also
solution.



Case of double solutions A = 0 (ll)

* In general, if the characteristic equation of ay’’ +
by’ + cy = 0 hasa A = 0, then the same trick
works: (—fRICERICZT XM ERHT S)

bt

* There is the solution: y;(t) = e 2a
We verify that y, (t) = ty,(t) is also solution.

* Theorem: The set of solutions of the diff. egn.

ay' + Igy’ + cy :19 when b? — 4ac = 0 is:
t t

Ae 2a+ Bte 2a, forany A,B € R

Exercise: Find the solution of :y"" —y" + 0.25y = 0,
with initial conditions y(0) =2, y'(0) =1/3.
y(t) = Aeg + Bteg. y(0)=A=2, y'(0)=1+B=

t 21
y(t) = 2e2 —§€2

w N




Review on the solution of
ay'" +by'+cy=0, a,b,c ER

» Characteristic equation: ax? + bx +c =0

e If A > 0,let x; # x, be the two roots.
Solutions arelAe*1t + Be*2t| A,BE€ER

e IfA<O0,letxy =A+iu, x, =1 —iubethetwo
distinct complex roots.
The real valued solutions are:

Ae’t cos(ut) + Bet sin(ut)| A4,B€eR

* If A = 0,then x, = —b/2a and the solutions are:
Ae*1t 4+ Bte*it ABER

2015/7/13 22



ODE Il; content

1. 2" order linear differential equation
2fEMRIZE WD AEX

2. 2" order linear equation and harmonic oscillator
&R EM D AKX ERFIIRENF

3. Solving 2" order linear homogeneous equations
BRIG2MEHREEMH ARERZTRES

4. Interpretation of solutions to harmonic oscillators with
damping. TD@EMNBERAFTIRIFICEZ SHHER

5. Solving non-homogenous 2"? order linear equation.

Harmonic oscillator with forced vibration.
BR TV 2EREEM D AERZEL, AmFHlEAFIREF.



Back to simple harmonic oscillator (no
damping page 11-12)

* Free mass-spring system: mu''(t) + ku(t) =0

x*+k/m=0, x,x, =xi/k/m:=tiw,
u(t) = Acos(wyt) + Bsin(w,t)

Periodic motion (B ERES))
wo —> Natural frequency (BRE0

T =2n/w, > period (F#A)
R = VA? + B2 > amplitude (¥R1E)

* No damping = perpetual motion (GK A1EE})

2015/7/13 24



Harmonic oscillator with damping

k: string constant

(IERER)

« Damped spring-mass system:
mu''(t) + yu'(t) + ku(t) =0

Characteristic equation A = y* =4MK [, jamping coefficient
T,y = (—)/ + \/Z)/Zm FUOINDFBZEZRE

* Depending on the sign of y? — 4mk = A

A>0 u=Aet + Be™!

A=0 u=(A+ Bt)e rt/2m

A<0u=e "2m(4cos(wyt) + Bsin(wyt))
{where wg =V—=A/2m >0

2015/7/13 25



A < 0 : Under Damped oscillator

Mass (E&) m=1 ) e
Damping coefficient:y =1
(FUEVDBZERE)
Spring’s constant: k = 9
(It D ES)

v2—4km=1-36<0
~

unger gampene

The system still oscillates at HAW . P
the “pseudo-frequency” I Vo |
wg =V—-A/2m '
RIFFIRELTLNS

va =0, [1-7 BEEABRBY 0 EEBRDR
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A = 0 Critically damped oscillator

e i

Vass (BB)m=1 4 -
Damping coefficient: y = 2 |
(FUECDRBZEFZRE
Spring’s constant: k = 1
(It DESL)

ye—4km=4—-4=0
_/

The system doesn’t
oscillate anymore. %&I(&

EOIREILIELN,
The mass is going to its equilibrium state the fastest.
ENTEREICRSEEIT&HREIEL,
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A > 0 Over-damped oscillator 1B E

Viass (BB)m=1 -4

Damping coefficient: y = 3 |

(FUEVDRBZEZRED

Spring’s constant: k = 1

(IEtaESH)

V2 —4km=9—-4=5>0
_/

The system doesn’t
oscillate anymore. RI(&

HOIREILTELY,

The mass is going to its equilibrium state slower.
N FEEIREIZEKYECRS,
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Forced oscillations 52 &l ¥R &)

* Gravitational force F; = mg,
* Restoring force Fp = —k(L + u(t)) (kL = mg)

* damping force: opposed to the direction of motion.
Fp = —yu'(x)

* External force: F = Fg(t)<-------.

N
N\ N
\

[ \ u(t):Displacement
\
: o from the
: — N equilibrium
J‘l = i j position: ¥ &3 &
L= ; MBERL
T -« ’/
Velocity
Newton’s law: mu''(t) = F, + Fr + Fr = —ku(t) —

yu’(x) mu"(t) + yu'(t) + ku(t) — FE (t)
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ODE Il; content

2"d order linear differential equation

2E R EMS AEN

2"d order linear equation and harmonic oscillator

2[E IR E WS HIRXEFAMIREF

Solving 2" order linear homogeneous equations
BRIG2EREEMH AR ZHL
Interpretation of solutions to harmonic oscillators with

damping. ZDENBEHRFIIREIFIZ5 Z HEFR

Solving non-homogenous 2"9 order linear equation.

Harmonic oscillator with forced vibration.
BRTHW 2B R EM D AREXZHEL, smFHFIFAFIIREF.




Non-homogeneous 2" order linear
equation R TLHLVEREEMS ARER

ay”’ + by’ + cy = Fg(t)

* For homogeneous equations, the set of solutions is

generated by two v, (t) and y, (t) independent
solutions: Ay,(t) + By,(t), AL BER
BRGAEADIGE . BOEAENZDOMILGHEY, ()
E oy, () ITEREN S,

And non-homogeneous? If we found one particular
solution, (455 #%) Y (t) then the set of solutions is:
Ay (t) + By,(t)+Y(t), ABER

Y

15 5% AR (particular solution)

—fi%fZ (general solution)




Particular solution + general solution
FEAR + —RRAE

« Why? If Y; (t) and Y, (t) are particular solutions:
aY!'(t) + bY{(t) + cY;(t) = Fg(t)
— aY, (t) + bY,(t) + cY,(t) = Fp(t)

a(Yy' () = Y{'(®) + b(Y5(t) = Y{(®) + c(Y2(6) = Y1(£)) = 0

=So Y, (t) — Y;(t) is solution of the homogeneous
differential equation (FXREEMH HIEXDEE)
ay" +by' +cy=0=Y, =Y, = ay,(t) + By.(t)

* We know how to find general solutions (—fi%f#)
How to find a particular solution ? (4F5#Z)



Finding a particular solution: method of
undetermined coefficients (case: e??)

A RO D RERYE  (case: e?t)

e Example: y"' — 3y’ — 4y = 3e?t
A possible particular solution may be Y (t) = Ae?t.
Is it true ? Find A € R.

Y'(t) = 24e?t, Y'(t) = 44e?,
Y — 37 —4Y = e2t(44 — 64 — 4A) = —6Ae?"
= A = —1/2, and a particular solutionis Y(t) = —1/2 e?t

* Find the set of all solutions.

Characteristic equation: x2 —3x —4=0. A =9+ 16 = 25.
X1,X, =3+5/2=40r —1.
The solutions of the homogeneous equation y'' — 3y’ — 4y = 0 are y(t) = ae*’ +

be~t (a,b € R) therefore the solutions are given by:|ae*t + be™t — %eZt
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Method of undetermined coefficients
(case of sinorcos) FEFZRIE

e y'"' —3y' — 4y = sin(t)
What is a possible particular solution?

Let’s try: Y (t) = asin(t) + b cos(t)
Y'(t) = acos(t) — bsin(t), Y"(t) = —asin(t) — b cos(t)

Thus: Y — 3Y' — 4Y = sin(t) (—a + 3b — 4a) + cos(t) (—b — 3a — 4b)
And we find

- 1 3
{—3a—5b=0 sbt—=b=1""_ ihe
< 5 B
qa=_20 a=-—=b
3 -

Y(t) = —gsin(t) -+ 33—4cos(t)

The set of all solution is: {y(t) = ae~t + be?t — gsin(t) -+ %cos(t) |a,b € IR}
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Method of undetermined coefficients
(case of polynomial) kE&E#E (FEBADY—R)

ey =3y —4y =4t° -1
* A particular solution is a polynomial of degree 2:
Y(t) —_ aztz + alt ~+ ao

Y’(t) — Zazt + al, Y”(t) — 2a2
Y" —3Y' —4Y = t?(—4a,) + t(—4a, — 6a,) + 2a, — 3a; — 4q,

_4a2 — 4‘ az — _1 az — _1
—4a, — 6a, = 0 —4a,+6=0 a, = 3/2
2a2 _3a1_4a0 — _1 _2_3a1_4a0 — _1 —9/2—4610 — 1

a, = — 2
a; = 3/2 Y(t) = —t?+=t—11/2
a, =—11/8 2
i —t 4t 2 3 11
All solutions: | y(t) = ae™" + be** —t° + St ==
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K TEIREUE : case of a product of e%t
with/or cos or with sin or with polyn.

*y" —3y' — 4y = —8e’ cos(2t)

A possible particular solution is of the form
Y(t) = Aet cos(2t) + Be' sin(2t)

Y'(t) = et (A cos(2t) + B sin(2t)) + et (—2Asin(2t) + 2B cos(2t))
Y”(t)

= e'(A cos(2t) + Bsin(2t)) + et(—2Assin(2t) + 2B cos(2t))

+ et (—4A cos(2t) — 4 B sin(2t))

:et cos(t) (A + 4B — 4A — 3A — 6B — 44) = —8 _ 104 — 2B = -8
et sin(t) (B — 4A — 4B — 3B + 6A — 4B) = 0 —10B+24=0

:—523 ~ -8 B =2/13 B =2/13
—10B+24=0 —20/13 + 24 = 0 A=10/13

Y(t)—lo tcos(2t) + £ et (2¢)
—136 COS 13 e Sin
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EKTEZREE: case of sum of functions
cos, sin, e*t | polynomial

e y"" — 3y’ — 4y = —8e’ cos(2t) + 3e?t

Slide 36 -> Particular solution of y'' — 3y’ — 4y = —8et cos(2t) is
10 2
Y(t) = 3¢ tcos(2t) + E tsin(2t)
Slide 33 -> Particular solutions of y”’ — 3y’ —4 = —8et cos(2t) is

Y() = —1/2 e?t

Slide 15 -> Particular solutions of y'" — 3y’ — 4y = —8e’ cos(2t) + 3e?tis

Y(t) 10 (2t) + ’ (2t) !
—136 COS 13 e sin 26

Slide 32 -> Any solution of y"' — 3y’ — 4y = —8et cos(2t) + 3e?t is

y(t) = 1—26’5 cos(2t) + 1% el sin(2t) — %eZt +ae t+be*, for a,b€eR

2015/7/13
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REZRBE: FEH summary

*ay” + by +cy=gi(t)
* A possible particular solution Y; (%) is of the form:
(where undetermined coefficients A; must be found)

« ;E:if Y;(t) is a general solution of the homogeneous
equation ay” + by’ + ¢ = 0 then the method fails.
ELE,&:;%;C ERSNT-BY,(ONFRGEAERKXDETHo=0. &K

I R

Polynomial at"+a,_t" 1+ +a, A+ At 4
+ A,

Polynomial X (A t" + a,_ t™ L + - (At + A, V14 .

exponential

Polynomial X (ant™ + -+ a0)e™ <sin(pry  (nt™+ fsin(pr)

exponential X sin or cos(Bt) cos(BL)

CosS
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Homework #EE

1. Find the solutions of the following diff. eq
a y' —2y' —3y=3e%
b. y"+2y"+ 5y =3sin(2t)
c. 2y"+3y +y=t?+3sin(t)



