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Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[4/20-27] L2-3 : Functions and
graphs. Plotting with Mathematica |

(F52%7T0yh33)
[5/7] L4 : Infinitely small and large :
limits (15[R)

[5/11] L5 : Differentiation (E$ET4E
E D IR)

[5/18] L6 : Differentiation Il :
extrema, related rates ... (}B{EL...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion

(Za—kriRETA5—ERH)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus F&E5I.

[6/8] L9 : computation of indefinite
integrals F~EE»D

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ R: &k, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (B =M Il)) werkofaforce:

[6/29] L12 : Ordinary Differential
equations (one variable) &5 A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME Mo A T2 BRANIR
¥ (IRIEA/NDSULVIRYF. (£43)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFI|FHL TE M7



ODE |I; content

. Introduction. Direction field. Examples

Ao AR, 5

. A simple case: linear differential equation of

org!er 1'with constant coefficien‘ts
TEHIZREBDO—BIEEEMD ATEX

. A mini classification of Differential Equations
MR AREXDOEHELLEE

. Method of integrating factor
BoREFE




~r

Ordinary Differential Equations
(ODE) (B A=)

* Differential equations are equations containing
derivatives. (BR§¥izETHER ., TDEXEKTHS)

Direction of the Present state
future state. XX parameter: y
DIRREAND T [A] IREDIKRED /N
TA—HRy

/y'(t) = (t,y(l< t: time

Function that expesses the future
state in functlon of the present state.

MEDIREIZEY . ROREERT .



Engineering

A broad range of applications

* Examples of physical phenomena involving rates of
change (ZLXEZBE5THIRRDH))

'« Motion of fluids (FR{AEE)

 Motion of mechanical systems (¥ D EE))

* Flow of current in electrical circuits (BREBIKIZCHITAEMR

L /)Il.’h')

: membrane action potential of nerve cells
(fR MR DIEE R Hodgkin-Huxley, Nobel Prize 1963)

* Chemistry: rate equation (Rt RE ) % = —k,[A]

* Population/biological systems dynamics (A A Ej5E

Lokta-Volterra predator-prey equation ({HE&- *&ﬁ%d)i e
7HFE)

A differential equation that describes a physical process is
often called a mathematical model.

A

i - T2
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Example 1: Free fall with air resistance
(EXEMZECBEHET)

Differential equation describing motion of an object falling in
the atmosphere near sea level.
BEOBELDRIITETLTWLSMEDES ZEE R I 5D AEN,
* Variables (Z#)) : time t, velocity ¥(t) at time t.

* Newton’s 2" Law: ). F=md-= «total force
* Force of gravity(EH):F, =mg «downward force
* Force of air resistance (ZSEHDH):Fr = —y ¥  «upward
* Then "
=mg —yv
YV

* Taking g =9.8 m.sec?, m=10kg, y = 2 kg.sec?, o

i dv
we obtain — =98—-0.2v
dt |

mg




Direction field (of 15t order diff. egn.)
A RS (—RRHms HER)

« y' = f(t,y).The function of time y: € E — R is viewed as a

variable.
y = f(t,y) ITBWT. EHITEPBH y:EcR-> REEHERLT,

Direction at the point Y 4
t=1Ly=1) ~
HiEt=1y=DIzs
[+57 R

| ran =2 @)

Move forward of 1 in
the time direction

L t L ERAREIC RS

t ——

* The directions at all values (¢, y) is called the direction field.
£, y)DEIZHLTHEEDDIEDININILGZE T RIS END,
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Ex.1: Direction field (or slope field) A @15

* For each value of time and speed t, v we can use the
diff. eqn v’ = 9.8 — 0.2v to compute v'.

* The value v' is the slope of an arrow at coordinate
(t,v) WDIEIX(E v)EEIZHAIRNIMNLDIEZTERND)

v v 50
qd 0 9.8 ]
5 8.8
A0- e e
10 -3 _ The.d|rect|on field is independent
15 6.8 : of time ! o
{20 | 58 W 7 15 (L BRI SR FE L ALY
o o
: \ :
. _
Zg i.g 5.8*3]_://////// «—
45 | 0.8 mé
50 | -0.2 T
55 | -1.2 9.8
60 -2.2 o i 3 tE T n
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Ex.1: Direction field (or slope field) A @15

* To plot a direction field with Mathematica, use:
VectorPlot[{1l,9.8-0.2v} ,

\Y; V'
0 9.8
5 8.8
10 7.8
15 6.8
20 5.8
25 4.8
30 3.8
35 2.8
40 1.8
45 0.8
50 -0.2
55 -1.2
60 -2.2
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Ex.1: Direction field and equilibrium solution
AR5 AR (BB R

* Arrows are tangent lines to solution curves.

RENIAZERFRICEERR T Do

 Horizontal solution (y’ = 0) curves are constant functions
called equilibrium solutions
e A R . T e T T T T T T Y

7Kz|10?ﬁ7qj:liﬂflfﬁ;§(y' — O)(ifﬁ%{@%{—@\ R T T T T N O T N Y
B E#EEMEEIND, e e e e

- - - - - - - - = . = - - =

Questions:

1. What is the equilibrium 4+ - -~~~ -~~~ - -~ --
solution?  BIRRIZFIA 7 JoIIIIIIIIIIIE

2. How are the solutions above b oo oo s
the equilibrium? 77T 0o

¥ F & F & & F & F & F & & ¥

i’ﬂ@i@i':’fﬁlﬁj-%)ﬁg(ia&fd:'s‘ B A A A A A A A A A A A A AA
éib\%ia—b\o A A A A A A A A A A AS
And the solutions below ? yyrrrryryyryryrry.
T OEEIZX LTI A,
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Example 2: Mice and Owls (rX2&74501)

* p(t): population of mice at time t (FFRtDARX=DOAQ)

* Reproduction rate: proportional to the current population

(FREDAOIZLEFILT=)
Rate(tbf51%k) : 0.5mice/month (without owl)

* If there are owls, they eat 15 mice/day
2909085 E, BIZRASISEEB RS,

* Question: If 30 days=1 month, what is the differential
equation that models the population p(t) of mice?
—M AIF30BEZEELzL. RXZD AQp®)ZTETILI MR AIE
NS CAAN

P _ 05p — 450
ac 0P




Direction field of the equation

* p(t): population of mice at time t
* Question: 1) what is the equilibrium solution (p’ =

0)? Y& HZ (LTRIThH
ap 5 450
SRR AR i 0.5p

2) What is the behavior of
the solutions above the
equilibrium ? ¥ 0 L1241
B9 AfRITEATLESDENE
KIM?
And below ? TO#I?

Mice p

Timet



Solving the equation (AR %)

e Exercise:

Find solutions of the equation: p’ = 0.5p — 450.

p =900 + ke®>t , where k is constant.

When k = 0, this is an
equilibrium.

When k # 0, the solutions go
away from the equilibrium
with exponential decay.
FRIXIE 2 A AR R T & AR
MHEETL,

2015/7/6
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Solutions and initial value: #&&#)HR{E

» A solution ¢(t) verifies: ¢'(t) = f(t, p(t)).

* On the direction field, this corresponds to solution curves:
7S CHRR R 1= % /)
* There are many curves ! ' 9% /

RN SESFTEH D,

* They never cross if f is continuous
fITEfFRETHNIX, RELGLY,

* They never touch if f(t,y) is
smooth.
fIFTRL—R ot % e %
AL LN ~Fa ki v iy

Theorem: To each initial value y,, there is one and only

solution curve y(t) such that y(0) = y,.
ZAHAEY ST, y(0) = yoZiml=9 By (O HE—ET S,




ODE |I; content

. Introduction. Direction field. Examples

AP, 7 E5, 5

. A simple case: linear differential equation of

org!er 1'with constant coefficien’ts
TEHIZREBD—BEIEEEMD AFEX

. A mini classification of Differential Equations
MR AREXDOEHELLEE

. Method of integrating factor
BoREFE




Solving 1%t order linear differential equation.
with constant coeff.

* Free fall and mice/owls dlfferentlal equations
v' =9.8—-0.2v and p’ = 0.5p — 450

are of the fo?@ﬁ:\ay + b,|a,b € R.
15t derivative
E—EwMn

I
* Order 1 linear diff. equation with constant coefficients
EHRBO—[ERTZEMIARER

e We anflnde xact soluti
15‘&’\% &’éﬂ)ﬁbflﬁ&?ﬁ

* Otherwise... . .
if we cannot find an exact solution (EZZZfZHVEELN)
we can use a software to find an exact (sometimes....)
or approximate solutions (most of the time).

:EmO
pﬁ

2015/7/6 16



15t order Differential Equation
E IR — BRI M AEX

e Constant coefficients (a, b € R,a # 0) (FE#i&%)

{Y'(t) =ay(t) = b,
y(0) =y, (initial value)

b b
Solution (ﬁg) : y(t) = E + <y(0) — E) edt

1. Ify,=b/a, then yis constant, with y(t) = b/a (equilibrium)

. f and , then y increases exponentially
without bound. (ERR7Z<IEEAEAERIIZIEMNT S)

3. Ify,>b/aand a<0,theny decays exponentially to b/a
yI&b/alFEBEABMIITBET B,

4. If y,<b/aand a >0, theny decreases exponentially
without bound (TFRAGLIEHMEBBIZHEADT5)

5. If and , then y increases asymptotically to
b/a (yldb/alZ#HEMIZIEMT S, )
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A (mini) classification to Differential
Equations

* Ordinary Differential Equations (ODE)
B AER
The unknown function depends of a single variable.
RKAMBERE—DERZTITKTFT HLES,

Examples: Mice/Owl equation, free fall equation.

* Partial differential Equation (PDE) {R#i% A=
When the unknown function depends of several
variables, and partial derivatives appear in the
equation:

KBTIV OMNDEHIIKEFT H. D AEATIR

BARENG, . e
. 2 uix, _ u(x,

Example: « ~Z  — o

(heat equation)



Systems of differential equations
Mo A 2K R (studied in Essential Math. Il in October)

* Number of unknown functions >1 (GRE1B§ZxDAEZ(TL>1)

* Example: predator-prey equations (like mice/owl but when

owls population g(t) is considered also)

REE—HEER (22379090 ESHLOEN, CCTTIOYOER
((OBEESH. KBNS FDH3)

1. Slide 11— Reproduction rate of mouse without owl:
0.5mice/month p'(t) = 0.5p(t)

2. If there are no mouse, the owl population dies out by 70% in a
month: q'(t) = —=0.7q(t)

3. When owls meet mouse: owl population increases by a factor
0.2q(t)p(t) and the mouse population decreases by a factor

0.3q(t)p(t)

p'(t) = 0.5p(t) — 0.3q(t)p(t) System of 2 differential equations
q'(t) =—-0.7qg(t) + 0.2q(t)p(t) | in 2 unknowns p and ¢



Order of a differential Equation. Linear
equation.

e Order of the highest derivative that appears in the
equation. ERERBOEHISIRTHIIGE. TDMH
AR ZEnfEWM D AR LS,

7E: We will study only diff. equations where the highest
derivative can be isolated (and maxn = 2)

dny B dy dzy dn—ly

acr ~I\"Y g aez e

Order n Imear dlfferentlal equatlon nfEfRE2 M AFER
ao(t)—+ 1(t)d — 1+ -+ a(t)y = g(t)

1= S BRIBTEA, yb%/




Autonomous ODE (

vy’ = f(t,y)isan ODE.

##972ODE)

* If f isindependent of t then the equation is
autonomous. (f IXFFREICIKDARLNEE . ODEIX BRI ELYD)

e Solution curves are then “time-invariant”

20 T T A . T T T T T T -E
o, T, W, W, W, W, W T, W, W, W, W, W, '—I
-------------------- 19
............... Z

of T T T T T T g
_______________ _O

e e e e e e e e e e e e e - | C

F. | i e T I —m

":|- * F F F F F F F ¥F F F ¥F ¥ F ¥

) « F F ¥ ¥ F F F F F ¥ F¥ ¥ ¥ ¥
oA oA oA A A A A A A AT

: A AL AAAAAAACdA

°r 4444 4444444444

y'=9.8—-0.2y
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Order ? Autonomous? |Linear? |[Constant
coefficients?
y'=3y+2 1 @) O O
d4y+td3y 3dy dy 4 X O X
dt? dt3 dt? d
y' =3y 1 @, @ @
0" +10sin(0) =0 2 @ X —
dy 1 X X —
—+ty =0
e
d3y dy , 3 X O X
TS + ta + (cos(t))“y
= t3
d? d 2 X O X
22 +t _y + 2y = sin(t)

dt? ' dt

2015/7/6
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Example of order 2 non-linear ODE

e Pendulum! There is no resistance nor friction.
(IRYF  ZRERDERLLTVELDRTE)

* The position of the pendulum is completely given by
the angle 6
BRYFDHMEBENAEI-ZLIZEZ 5N D)

* By Newton’s law of mechanics we get:
—a—broDAFEDREICKHST:

Angle B E , 7

7
mgsin(0) + mL—— =0

Gravitational =
constant A48 d*8 g

Bl h e T

Length of the Mdepend of the mass m
pendulum BEmlI&ELEL

RYFORS
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15t order linear ODE: Method of
integrating factors (8o EF %)

* Page 17 - How to solve 1%t order linear ODE with constant
coefficient (E#HFZHMD1BREZEMHD HTEX)

* And if the coefficients are non-constant ? (& the equation

is not autonomous) ?
BREIEIEBTEVEIZ? (o BEMTELN)

t
Example: y' +1/2y = not constant

Multiplying both sides by a function u(t)

u@y +1/2u(t)y =1/2 e%u(t)

We want to choose pu(t) so that:
(w@y) =p®)y" +p' @y =p)y" +1/2u(t)y

1 t
Choose w(t) so that ' (t)y = E‘u(t)y = u(t) = ez

2015/7/6
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Method of integrating factors: Example (II)

e u(t) = et/? s the integral factor function.
(&5 EFEH)

e we solve the original equation as follows:
TTDWD AEXZRDEYIZHEL:

t/3 —t/2

=SSN

1/2 1/2 t SampIeSqutions:y:Ee +Ce
/y,+ y = e3 vt\\\\\\*\‘\j/////
X#& e% y' -,I— 1/2 e%y =1/2-: e% §§§§§§§::;%7
(e%y) =1/ 25- e% Zii:::://%z%

t t ————
 General Solution (—fi%£%) g A T

3t _t T /

L yEgentces %%%WW i /




Integrating factor: General Case

* Next, we consider a general first order

linear equation

RIZ, —RG—ERTEEMIHTIEXZTEZS:

y' +p)y =g(t)

* Multiplying both sides by «(t), we obtain

FADEAICUNZERELDE UTZRH5:

d
RO 2+ PRy = gOU®

* Next, we want y(t) such that /(t) = p(t)t):
LO(t) = p(t)plt) MERYILDEIICyt)&KHS:

dt

* Thus we want to choose g(t) such that

d d
—[1(DY] = 1O = + POy

(t) = p(t) At)




Integrating Factor: General Case (ll)

* Thus we want to choose «/(t) such that /(t) = p(t) 1At).
WPZRIZ, 1(t)=pt)u(t) Zml=9EREHEFREAERu)ZEYTLY:

* Assuming z(t) > 0, it follows that

d
f% = fp(t)dt = Inu(t) = Jp(t)dt + k

e Choosing k =0, we then have

u(t) = el Pt

and note that s(t) > 0 as desired.

* ;¥: Must be able to compute [ p(t) dt

2015/7/6



Homework (July 13th)

* Solve the differential equation by the integrating
factors method
ty' + 2y = 4t°

With the initial condition y(1) = 2.

* (Use the file “ODE-Mathematica.nb”)

* Plot the direction field of the equation.
* Use DSolve to solve the equation

* Plot on the same graph the direction fields and the
solution



