2015/6/29

Essential Mathematics
for Global Leaders |

Lecture 5-3

2015 June 29t

Xavier DAHAN
Ochanomizu Leading Promotion Center

Office:¥EF&25fE503
mail: dahan.xavier@ocha.ac.jp




Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[4/20-27] L2-3 : Functions and
graphs. Plotting with Mathematica |

(F52%7T0yh33)
[5/7] L4 : Infinitely small and large :
limits (15[R)

[5/11] L5 : Differentiation (E$ET4E
E D IR)

[5/18] L6 : Differentiation Il :
extrema, related rates ... (}B{EL...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion

(Za—kriRETA5—ERH)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus F&E5I.

[6/8] L9 : computation of indefinite
integrals F~EE»D

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ A: &S, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (B =M Il)) werkofaforce:

[6/29] L12 : Ordinary Differential
equations (one variable) &5 A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME Mo A T2 BRANIR
¥ (IRIEA/NDSULVIRYF. (£43)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFI|FHL TE M7



Integration |ll: content

1. Example of application 1 : Average and

pressure i FH2: Fi5e EIE S

2. Example of application 2: Center of mass
A2 =50




Integral as average
BRI XN EDFEZEAHIET

* Example: Average height of a bird during a flight.
(SO T HEERIT)
A bird is flying along the curve y = +/x from the value at the
ground x = 0 and x = 10.
ElIHmEIZHTBE = 0hDx = 10ETORERyY = VxIZifo
THRATLS,

Question:

What is the average
height of the bird ?

1 (10
Answer: — [ " \/x dx

Theorem: The average value of a continuous function
y = f(x) betweenx =aandx =b isﬁf;f(x) dx



Fluid pressure and force |

mIADENES

* Pressure p (N.m~2%) atdepth his: p = wh
(w is weight-density (% E) N.m™3)

Pressure is increasing
linearly with depth

EAFRSELEHITSD

* Force exerted on a surface of area A by a constant pressure:

HEBEADNAICEEICE>TMALND S
F = total force = force per m? a
= pressure X area = pA =\whA =F
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Fluid pressure and

—> <

fo rees ” Surface of fluid
* Integral for fluid force Submergfci vertical T
against a vertical flat plate:  pp---—= patE Strip

e AF =(pressure along O
bottom edge)x(area)
= w(strip depth)L(y)Ay\

e Cut the plateinto n.. ~
strips:

n
F =~ Z(W - (strip depth);, - L(yk)) Ay,
k=1

Strip length at level y

* Whenn — oo,
lim Yp_(w- - )Ay, = E; w - (strip depth) - L(y) dy = F}
n—o>00

(F: force exerted by the a fluid pressure against one side of the plate)

FRO—EIRADE NI E>TMZ 55 H)
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Exercise:

y (m)

Pool surface at

A

y=x0rx=y~
/' y=_3

1
Depth:

/
P

il J
3 ¢)’\>\K y\,__,a;\ 2. 2)
T ® %) = (3,)
Ay
a0

* A triangle vertical plate is underwater in a pool. Compute
the force exerted by the water on the surface of the plate.

(T—ILD/KE TFIZE

EE=Az0*

LR DD, FRD—

HISHIKRICE>TMAGN D NDEFRZEAREE L),
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Integration |ll: content

1. Example of application 1: Average and

pressure [xFH2: FEEIE R

2. Example of application 2: Center of mass
A2 BE=Hih




Moments and centers of mass
FE—RE—AIEEE=FI]

* Masses along a line: moment of m; is m;x;

Mass m4 Mass m, Mass my
0
@ @ @
X1 X2 X3

 Moment of the system about the origin (J&g)is:
mix; + myx, + mgxs

* Find X such that the moment about X isO:
my(x; —X) + my(x; —X) + mg(x3 —x) =0

0 X special point
O O D P O
X1 /N x,  forbalance X3
/

y JE_N

. _ mix4 + m-x-, + msx
e Solution: ¥ =—% 272 53

(center of mass)
my + mo + ms
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Masses situated in t
TN ET HAE =

he plane _,

* Each mass m; has two moments: m;x; and m;y;

* Let M be the system total mass: M = ),; m;
* Moment about x-axis (x-Bi[CLBHFE—RE—AK):

M, =Y mx;
* Moment about y-axis: M,,
i=M,/M,

Z m;yj
M, /M

e The center of mass (B &H

:llL,\) is the point (%, )



Exercise:

* What is the center of mass of 3 points ABC in
general position, whenmy, = mg = m, ?

2015/6/29
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Center of mass of a region in the plane
EDOE =i y

A

Strip of mass Am

e Consider a thin, flat object of
density 0
HE 6 DHCESTYMERTEZD,

34
* Let (X, V) be the center of
mass of astrip of mass Am

(RMLOEZ=FID)

0
* Moments of the strip about the x-axis and y-axis:

yAm XAm
 Summing over the strips:
f_Mx_ZJZAm __ﬂ_zyAm
M YAm '’ y_M_ZA'm

* When number of strips is going to co:
% =[%dm/M , y=]ydm/M |




Center of mass: average of mass over a
surface along each axes

1 Strip of mass Am

Let X,V be the center of mass
of the strip of density 9:

* Density at point (x,y): 6(x,y)
 Width: dx
e Mass of the strip dm:
dm = ([0 6(x,y)dy) - dx
X=X
~ _ b N
alx) I Y=

—_ B . B P
-[y =[, ydm/[, drAnj= relative mass along the y-
axis / total mass” = Average y-position } I term

[’E = [, xdm/[, dm}= Average x-position | of mass
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Example: center of mass of a flat triangle
(Bl E=AROEERID)

* Problem: find the center of mass A
of the triangle of density 6 = 3 (in - IE 52
kg.m~?) ) =2

(x, 2x)

e Consider a strip (K#iLy) of
width dx.
Mass of the strip: dm =

(fox Sdy)dx = 6x - dx
Centezrxofmass: X=x

y= | yddy/6x =3[y2/2]3/6x = Lo
y foy y/6x =3[y?/2]§"/6x =x =5 a0y

Moment of the strip about the y-axis: M,, = f xdm
My, =[x-6xdx= [ 6x?dx = [2x3]§ = 2 kg.m
Mass of the triangle: [ dm = fol 6x dx = [3x2%]§ = 3 kg

y=M,/M=2/3 meter

| Strip c.m.
is halfway.
&Y = &%)

o\

l— — — — e
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Exercise / Homework

1. Compute x the x-coordinate of the center of
mass in the triangle page 14.

2. Find the center of mass of a thin plate covering
the region bounded above the parabolay = 4 —
x? and below the x-axis.
The density of the plate at the point (x,y) is
5(x,y) = 2x2.



