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Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[4/20-27] L2-3 : Functions and
graphs. Plotting with Mathematica |

(F52%7T0yh33)
[5/7] L4 : Infinitely small and large :
limits (15[R)

[5/11] L5 : Differentiation (E$ET4E
E D IR)

[5/18] L6 : Differentiation Il :
extrema, related rates ... (}B{EL...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion

(Za—kriRETA5—ERH)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus F&E5I.

[6/8] L9 : computation of indefinite
integrals AE&ED

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ODBRA: &S, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (E=H1»), work of a force.

[6/29] L12 : Ordinary Differential
equations (one variable) &5 A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME Mo A T2 BRANIR
¥ (IRIEA/NDSULVIRYF. (£43)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFI|FHL TE M7



Integration Il: content

1. Computation of primitives 2 (antiderivative)
FIRREI#ELD (AEER)

2. Methods to compute volumes

RIEERETDHE

3. Length of curves and area of surfaces of
revolution

HMOESIEEEEOEE




Computation of indefinite integral (=
antiderivatives)

.
* General techniques (—#&75 4 i%) Previous
e Substitution rule (chain rule backward) (E#fE) - lesson
* Integration by parts (E5 &%) L>-1

-/

* Specialized techniques (45 IRERITD A %)
* Introduce new function: inverse trigonometric functions
FLOERZEAT S F=AREK
* Rational Functions: (HI2Ei%1)
e Rational Functions of trigonometric functions

(ZAREZOFERR)

™~

° ... Not
.| studied

TS
« Automatic procedure (algorithm) (B EIfE % %) micu\

* Liouville (1860), Risch (1960). AYA

-



Specialized technique of antiderivation ()
Inverse trigonometric functions (¥ = & fZEE%k)

x

* Example 2:
dx _
f = Arcsin(x) + C
V1 — x2

 Example 3: (looks like Example 2 but is very different)
dx
f =L0g(x+\/x2—1)+(]
Vx2 —1
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Inverse trigonometric functions (Il)
(FE=AFEH)

e Graphs of Arccos and Arcsin

\y = cos(x) y = sin(x)’

1.5k

y = Arccos(x) y = Arcsin(x
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Arc Tangent

* Arctan : R - (—— —)

= tan(8)

0 = A;frctan(t)
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Derivative of inverse trigonometric
functions

* General property of inverse functions:
fof Hx)=x
s let g(x) = f7(x).

* Exercise:

1. Differentiate the relation: f o g(x) = x
2. Deduce the derivative g’ = (f 1)’

3. Deduce (Arccos)’
(Arcsin)’
(Arctan)’



Specialized techniques II:

* Rational functions:
ax"+a,_x" 1+ +ax+a, A
FO0) = -

b x™ + -+ byx + by ~ B(x)

* Trigonometric polynomials and rational functions:
f(x) = cos(x)3 sin(x)? — 3 cos(x) sin(x)?

* Others like integration tables ...
— always can be integrated
...Not very funny !



Automatic procedure to compute indefinite
integrals (Fe&BEH£E5ODEKRFIE)

* Elementary functions: (#ZFE4%Q0) Ln, Exp, Cos, Tan, Sin
and their inverses: Arccos, Arcsin, Arctan etc...

* Liouville’s Problem (in differential algebra % ££kIZ&0»
T):
Identify functions whose antiderative can be written as

an elementary functions ?
(ERBICE SO TENDSAERBDHF OEABZHANT HIL)

* Risch algorithm (1968): solves the Liouville’s problem.
Difficult and long algorithm

Implemented (EZ3417=) in some maths software.



Automatic computation of antiderivative

* From Liouville’s theorem (1840-50).

Non-integrable functions: e‘xz,%(x) eXin(x) —

1 .. .
x*, e have no antiderivatives in terms of

elementary functions (#)F BBk >TRIFTEEL
TEEDZTEFDOEZ

* Create new functions ! (FNTlX. #Fi-LE#ZTEE
LKD)

Z ~3 t VA
Si(z) = f smt( )dt, erf(z) = —f et dt
0 — 00




Integration Il: content

1. Computation of primitives 2 (antiderivative)
FIREEEELED (AEES)

2. Methods to compute volumes

AEERET S HE

3. Length of curves and area of surfaces of
revolution

HMOESIEEEEOEE




Computing volume using cross-sections

Uiz AL THAREZ RIS

e Slicing by parallel planes ((FF{T¥EmEIZEYRTA REL

y
/‘;} Cross-section S(x)
y /W“h wead® | The volume of a solid of
3 cross—section area A(x)
fromx =atox =>bis:
~ I |

o~
A | b
[') j A(x)dx =V
a




Parallel planes slicing: example |, cone

* Volume of cone of base B: ((EEBND#H DAIE) :

Any Cone or Pyramid

A(x) = Area of slice at x
A(x) = - x?, (case of cylinder F{E M)
A(x) =1/2-x%-n-sin(2m/n) (case of n-EEZ AF)

Exercise: Volume =V = [  dx =




Parallel planes slicing: example 2

A\“}"—(

* We consider the part of
cylinder (F ]131) described
in the image on the right:

e Slices are rectangles (B4
f2)

 What is the length and the
width of the rectangle?

* Length L(x) =
« Width (T8) W (x) =

* Volume=[ L(x) - W(x)dx



Computing volume using cross-

sections(ll) YI#rZ,

S ‘, > X

=

Disk = <
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e Solids of revolution: the disk

method
(BB F#RiE)

e The volume of a solid of
revolution ([BlE5{K)between x = a
and x = b, whose disk at x has a

radius (ﬁlﬁ?E%of R(x) is:
[7 nR(x)zdx]
a

* Example (left image):

4 4
jnR(x)de:j Txdx =
0 0

= 8.

nxzr
2
0

16



Solid of revolution: volume of the sphere

* What is the
radius R(x) of
the disk in red
of the sphere in
the left?

R(x) =

* Deduce the volume using the formula for solids of
revolution:
[* TR()%dx =
—a
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Integration |I: content

1. Computation of primitives 2 (antiderivative)
IR E LD (AEED)

2. Methods to compute volumes

RIEERETDHE

3. Length of curves and area of surfaces of
revolution

OESIEEEEOmEE




Application of integral: length of curves

BOoOIGCH HRORS

* How to compute the length of a curve y = f(x)
between two points x = a and x = b.

« Assumption (YR TE): f is differentiable (# % aJ4E)

Y
ﬂ\




Length of curve

0

o Ly = \/Ay,% + Ax}
« Length = Y}l_4 Ly

* Ayp = fxp—1) — f(xg).
Since f is differentiable, by the MVT (Mean Value Theorem, L4-2
page 6) there exists x;,_1 < ¢, < xj such that Ay, = f'(ci)Axy.

e L, = Axk\/f’(ck)2 + 1. Andwhenn — oo, Ax;, —» 0

* Length = 111_{510 Y Ax/f ()% + 1 =[ff V()2 + 1dx ]
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Length of a curve: Exercise

 Compute the length of the curve between x = 1

3
and 4. y=)1€—2+%

* Find the length of a half-circle: y = V1 — x2.
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Areas of surface of revolution
o] ¥5 0D M fa

4 Y= x)

PO

 Compute the area
defined by the g
curvey = f(x) >
0 between x = a
and x = b, and
revolved about
the x —axis. R S

(x = a&x = bOBIOBTRY = f() X, xEhZEERT HH5
THERZEAD)




Areas of surfaces of revolution

iy * Area S of the
frustum in blue(
FULWH#ES DM
&) is equal to:

PO

Segment length:
L= V(Ax)* + (Ay,)?

S, = 2m (f(xk—1)2+ f(xk)> \/Ay,% + Ax?

Axk

P
7] . .
Ay | i Making n — oo gives
h= 10 1) E ! - < b
5 Loorp | lim Y st [ 2nf oV TH PG dx
| | e
l—l xlk
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Area of a surface of revolution: Exercise

 Compute the area of a sphere of radius 7.



Homework: Hand in on June ??

1. Volume of revolution ([BlER{A)

The arch y = sin(x) is revolved about the line y = c (for
0 <c <1)toformasolid as shown in the figure

(HhifRy = Sm(x)O)B'JIU?J:y =c(0<c<1)DEAZE[EIERT
HZEIZEH>TiH/EbNSMEERK)

a. Find the value of ¢ that minimizes the volume. What is
the minimum volume ?

b. What value of ¢ € [0,1] maximizes the volume ?

y = sinx




Homework: Hand in on June ??

2. The shaded band shown here is cut from a

sphere of radius R by parallel planes h units
distant apart.

LUTDREODWN-EwmNAhI=Z YN TS T
TEEmICEERBRKEmMSUINS,

Show that the surface area of the band is 2nRh
RDEIEN2nRATHAH_EZE TR,




