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Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[4/20-27] L2-3 : Functions and
graphs. Plotting with Mathematica |

(F52%7T0yh33)
[5/7] L4 : Infinitely small and large :
limits (1B[E)

[5/11] L5 : Differentiation (ZE$ET4E
E D IR)

[5/18] L6 : Differentiation Il :
extrema, related rates ... (}B{EL...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion

(Za—kriiETA5—ERH)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus F&E5I.

[6/8] L9 : computation of indefinite
integrals F~EED

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ R: &k, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (E=H[»), work of a force.

[6/29] L12 : Ordinary Differential
equations (one variable) &M% A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME M A2 BRANIR
¥ (RIEA/NDSUDIRYF. (X4)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFI|FHL TE M7



Content Integration |

1. Area under a curve, definition, examples

(F57Ex —BDRIDEHE. . H).

2. Fundamental Theorerl_nl_lof Calculus
(MR EFTFDERTEIE)

3. Calculation of Primitives 1

(FRIGEAE DT R)



Introduction: Area under the graph of
a function (BA#D T 57 &x-EHDE D EFE)

Goal: Let f:|[a,b] = R, f > 0 on [a, b].
Define a function a function F: [a, b] = R that measures the
surface as shown below

(LLTOR®D &S EIEZERSEEF: [a,b] > REEZEL=LY)

Notation (R25):F(x) = [ f(D)dt
Fundamental Theorem of Calculus (S FEHFDEKRTIE)

F@=f@)
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Partition of an interval (EE®D 59 E)

 Definition: A partition P of the interval [a, b] is a sequence of
numbers P = {x, ..., x,, } like this:
A=Xg <X <Xy <+ <Xx,=0b
The mesh (A<, 2) of Pis: §(P) = max(x;,1 —x;)for0<i<n

l/(th subinterval ' |
| 1 T ! - 1 —>x
.\'() =da .\'I .\'2 .. o 8 .\'k_l .\'k 80 | X, =
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Riemann’s sum (J—<> %)

* A partition P allows to approximate the surface
using Riemann’s sums:

In each subinterval [x;_4, x; ] choose a point ¢,
* The area in the k-th

on S rectangle is
N flahy
= f(Cr) (Xp+1 — X))
- * Riemann’s sum

S(P) = ) fleby

k=1

o
=
o
|
S
—_—————
ket
——————— e §
1)

St
(ca, fle)




Partition of equal length. Infinite sum

e let A, = b—a Consider the sequence of decreasing

partitions (Pn)neN,
Py ={xg=a,a+A,a+2A,,,a+n—1)A,,b=x,}

X1 X2 X3 X4 X5 Xe
N h ! v v ¥
a+A,, a+2),, a+3),, a+4),, a+ 5A,, b
a C Cy X
—o ; ; ; o ; ; © ; >
Y Y Y Y S N

* For any choice of points ¢, € |xy, Xr+1], if the

Riemann’s sum_

S(B) = Z Fleh, =—Zf(ck)



Integrable functions (f&% T ae%:E8%)

 Assumption ({5E):
f is continuous (3E#t) on [a, b]

(forany c € |a, b], }Ci_r)réf(x) = f(c))

e If lim S(P,) = lim X225 f(cp)A, =], then:
Nn—>00 Nn—>00

] =[] f(t)dt

is called the integral of f between a and b.

* Remark: S(P,) depends on the points ¢y, ¢4, C5 ... but the

value / does not.
S(B) Ty, cq, .. ITIRTFT DD ITEFLAZLN.

* Theorem: Contiuous functions on [a, b] are integrable.
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More generally

J does not depend on the
sequence of partitions P,
chosen to take the limit.
FYU—RBIIZ, JITHBIEZ
EBHT=FDHEIDP, 12K
FLZELY,




Rules satisfied by integrals

R ANV e i N

Zero Width ¢ Fig1
Interval _L flr)dx =0

(TRORX fE)

Additivity (f0;% Fig 2

%)

jabf(x)dx + jbcf(x)dx — jacf(x) dx

Max-Min equality
(&K PDFER)

Assume that fhas a min m and a max M on [a,b] |Fig3

b
m(b — a) SJ fx)dx < M(b— a)

>\

Yy =f(x)




Content Integration |

1. Area under a curve, definition, examf)les
(FS5oEx DB O EE. T&. ).

2. Fundamentgl Theorem of Calculus
(MR ESTFDERTEIE)

3. Calculation of Primitives 1

(FRIGEAE DT R)



Fundamental theorem of Calculus (FTC)
(A EIFDERTEE)
(. (Mean Value Theorem for integral 54 @) ¥ 19{EE#): )

Let f:|a,b] — R be a continuous function. There exists a
point ¢ € |a, b] such that:

1 b
fle) = — f F(O)dx

\_

* FTC: leen a continuous function f: [a, b] - R,
F(x) = f f (t)dt is differentiable on [a, b] and:

F'(x) = f(x)

J

e The function F(x) = f f@)dt is 2 pr|m|t|ve (JRI5 R
#) or an antiderivative (FEFESD
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Exercise

* Use the FTC to compute t?e derivative F'(x) of F:

X

F(x) :f cost dt
1



Consequence of the FTC

renti

Function (indefinite) integral

f ng LN+
x"dx +C
n+1
dx In|x|+ C
X
jexdx e* +C
ax
a*dx
j ln(a)+C
jsinx dx —cosx +C

j sinx + C
cosx dx
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Definite & Indefinite integral
(EFED & AEERD)
e Given a function f: |[a, b] = R, a function F:|a,b] - R

such that F'(x) = f(x) is called an antiderivative (1N 7E
F§4%) or primitive function (JRIBREE%R).

* If F; and F, are two primitive functions of f, then
Fi(x) =F,(x) +C, CeR
(Consequence of Corollary 2 of Lesson 4 - 2, page 7)

« A common notation (EBDEEHE) for primitives is:
[ f(t)dt = F(x) + C, CeER
| f(t)dt is called “indefinite integral”.



FTC for definite integrals

* FTCIl: Let f: [a, b] — R be a continuous function
and F a primitive function of f. Then

b
f F(Odt = F(b) — F(@) (= [FCOIL)

* Exercise: Evaluate the following integrals:

L f7(GE - 5) dx

2. fln/4(tan x)? dx



Proof of the FTC #aEREARTEEOEIH

f continuous on [a, b], F(x) = f;cf(t) dt = F'(x) =
f (%)

*F(x+h)—Fx) =

a

T F(©de - [ f(©) de

xX+h

= f f(®)dt
X
* By tif:e MVT for integral, there EE(iStf:’)CFE( gx,x + h
X+ X+n)—r(x
fx f(t)dt =h- f(c). Thus . = f(c).

e Since f is continuous lim f(c)= lim f(c) = f(x),
F (x+’flT—OF(x) _ fE;SC
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Mathematica command: Integrate

To compute indefinite integrals (antiderivation)

Ex: In [ In(x) @\

In[1]:= Integrate[Log[x] , x]
Out[l]:= -x+x Log[Xx]

To compute definite integrals (between an interval)

Ex: M}C k/\

In[2]:= Integrate[Sin[x], {x,0,Pi/2}]
Out[2]:=1
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Content: Integration |

1. Area under a curve, definition, examf)les
(FS5oEx DB O EE. T&. ).

2. Fundamental Theorerl_nl_lof Calculus
(MR EFTFDERTEIE)

3. Calculation of Primitives 1

(FRIGEA DT R)



The chain rule and substitution rule
EIHFEOERE)

* Substitution rule (= Chain rule backward)

* Ifu = g(x) is adifferentiable function whose

image ({&) is an interval I, and if f is continuous on
I, then:

I flgx)g' (x)dx = [ f(w)du

« Example: [ (x3 + x)°(3x? + 1)dx.
Let u = x> + x. Then, du = ;l—zdx = (3x% + 1)dx,
and [ (x3 4+ x)>(3x% + 1dx = [ u°du.

(x3+x)6 I,

6
This gives u? + C =



Examples of applications of the
substitution rule

Function to | Indefinite Example of function u(x)
integrate integral

untt u = cos(x
uu"dx - 1 (x) (sin )™+
n fcosx (sinx)*dx = — +C
n+1

ji’dx it 5 (6 = —In|cosx | +C

u

p e+ C % 1
.’ﬂll4ell¢iJC u = jlllxj’ j'EéECi}: = —ex+C

;o —cosu+C u=x? [xsinx? dx=cosx*+C
u' sinu dx
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Exercise (Substitution rule)

1. [2x + 1dx

2. [ cos(76 + 3)d6

3. [ x\V2x + 1dx



Substitution of definite integral
(BRI DEHE)

* Theorem: If g’ is continuous on the interval [a, b] and

f is continuous on the image ({&) of g(x) = u, then:
g(b)

b
ff(g(x))ﬂ’(x)dx:f f(wdu

a g(a)

* Example: f_ll 3x2Vx3 + 1dx

du
u=x3+1=du :d—dx = (3x%)dx
> whenx =—-1,u = (-1)3 1=0

= andwhenx =1,u = 2.

1 2 2 3 2 2
f 3x2\/x3+1dx:f Vu du =[§u§] =§-2\/§
-1 0 0




Exercise

* Evaluate the definite integral

fﬂB(cos(x))2 sin(x) dx
0



Area between two curves
--— I1=E
( ﬁ";?d)FEﬂd) : *E) * Definition: If f and g are

y continuous functions with
[ Uppercurve f(x) = g(x) then the area

= | of the region between the
curvesy = f(x)andy =
g(x) fromatobis:

N . b
owane [ [£G) - g(0ldx
y = 8x) a
* Exercise: Find the area of s
the region in blue closed <—1,1>/— Axx:?‘"xz
by the parabolay = 2 — S\
x?andy = —x.

[ (x, 200)
y ==X (2v _2)




Integration by parts (BB & 5)

+ By integrating (£9)' (1) = ' ()g(x) + f(0g' (), we h

tain
freog Gdx = FGg@) — [ f/()g(x)dx

* Ifweletu = f(x),and v = g(x), then
du = de = f'(x)dx and dv = de = g (x)dx.

fudvzuv—fvdu

* Example: [ x cos(x) dx
Let u = x, and dv = cos(x) dx.
Then du = dx and v = sin(x).

Jx cos(x) dx = xsin(x) — fsin(x) dx

= x sin(x) — cos(x) + C




Exercise about integration by parts
* The difficulty is to find the functions u and dv.

1. [In(x)dx

2. fxzexdx (Hint: apply twice integration by parts)

3. [xIn(x)dx



