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Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[4/20-27] L2-3 : Functions and
graphs. Plotting with Mathematica |

(F52%7T0yh33)
[5/7] L4 : Infinitely small and large :
limits (1B[E)

[5/11] L5 : Differentiation (ZE$ET4E
E D IR)

[5/18] L6 : Differentiation Il :
extrema, related rates ... (}B{EL...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion

(Za—kriiETA5—ERH)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus F&E5I.

[6/8] L9 : computation of indefinite
integrals F~EED

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ R: &k, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (E=H[»), work of a force.

[6/29] L12 : Ordinary Differential
equations (one variable) &M% A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME M A2 BRANIR
¥ (RIEA/NDSUDIRYF. (X4)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFI|FHL TE M7



Program L[4-2

. Mean Value Theorem And Extrema
EHED EIEEB{E

. Compared growth of Exp, Ln, x™ at oo



Extrema (18B1E)

* Local — Global maximum (Eff- XEOE/N-#EK) FECR->R
If f(x) < f(c) forall x € E then f(c) is a global maximum.
If there exists o, f € E, a < ¢ < f3, such that:

f(x) < f(c) forallx € (a,B) | then f(c) is a local maximum.

Global maximum

Local maximum No larger value of f

No larger value of Local minimum anywhere

f nearby No smaller value FUKEH FOEH
(FYKRETEfDIE of f nearby g;—@{,@;g:
AVEEEIZIELY) (KWINSTZfDIE

—

DAEEEIZARLY)

Local minimum

No larger value of
" f nearby

Global minimum
No smaller value
of f anywhere \

(&YINSTE OB (KYRELf DAE
MEZTHELY) . AEEEIZ7E0Y)
—t >
a c e d b
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Finding Extrema (l) First derivative test
(1BfEZEE5: —REEEHOHIE)

Theorem: If f: E € R — R has a local maximum or minimum
at an interior point ¢ € E , and if f is differentiable at ¢ then:
LLAIEA R cl2BWTRERAT DB RortB/NAGH K, M DclZHLTH

D ETREELIE, f'(c) =0
EER

* If c is an endpoint this is not true (9 pomt bi |n the

raph pa e?? local minimum bu_f
L:E)C(ilﬁﬁ'ﬁf&bli f'(c) = Ob\JﬂZL)49kli7ﬁ\§bf&L\

* If f is not differentiable at ¢, then f(¢) may be a
maximum or minimum anyway (point d in the graph
page ??)

HLAIERAIZEWNWTHA AIEE TR WEE > TH. (o) [EHE/]vor
WRTHLANELNGELY,

* The proof is easy (SEBA+ EE)




Mean Value Theorem (FEH{ED

Theorem (MVT): Let f: |[a,b] - R y
be a continuous function, J®)
differentiable on (a, b). There exists

at least one point ¢ such that:

—
A

(Tl
IH-I
11LL
N

Slope f(b)-f(a)

f(b; :{l(a) _ f’(C) f(a\) .............. | b
* Exercise: Let f: [-1,1] o R, x » | X
V1 — x4 . Find a point ¢ such that:
F1(e) = F(1) = f(=1)/1 — (1) ,
y=+1-2x2

Answer: x = V1 — x2 is not differentiable at a = —1
nor at b = 1, but is differentiable on the interval (—1; 1)
so the theorem applies.

We have ¢ = 0, indeed:

O -f@ fO-fCH
== 0= (0 = f(©)
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Corollaryl: Constant function
R1IEERDHFER) EEER

Corollary 1(®): If f'(x) = O for all x € (a, b), then
f(x) =C € Ron (a,b).

* Proof (§EBA): Let x; < x5 in the interval (a, b). By
MVT, there is a ¢ € (x4, x,) such that
f(x)—f(x1) g
e 1 (©).

Therefore L9227/) _ o f(x1) = f(xy)

X2—X1

Corollary: If f'(x) = g'(x) on aninterval (a, b) then
f(x) = g(x) + C foraconstant (E&) C € R.




Test for increasing and decreasing function

/Corollary2: f:la,b] = R continuous, and \
differentiable on (a, b).
If f'(x) > 0 on (a, b) then f is increasing (¥&0)
on|a,b].
If on (a, b) then f is ()

\\on la,b]. /

* Proof (FFER): Let x; < x, in [a, b]. By the MVT,
thereisac € (xq,x,) such that f(x,) — f(x;) =

f1(c)(xg —xq1).If f(c) > 0 then f(x3) > f(x1),

and thus f is increasing.




= &8 : Derivative tests for local extrema
—f. ZEOERHMIZLHIBIESDHE

{1 E - R differentiable twice (ZERA %+ M5 AT HE).

* 15t derivative test: find the set of critical points (E&
) C={x€eE:f'(x)=0)}

* Forc € C: Maybeitis a {Iocal minimum

au

local maximum

???\\ ‘”

« 24 derivative test: é ]
f""(c) >0 = local minimum (J%Fﬁ_@@m)
1f"(c) <0 > local maximum (FHFTDHK)

_f//(c) =0 > ?7? —




Exercise: finding extrema (BEDEX)

1. Tell where the following functions are increasing and
decreasing.

2. Find the local & global extrema
a g(t)=-t>—-3t+3

g'(t) =-2t—3. g is >0 on (—; —g) and <0 on

—E; +00 ) therefore g is 7 (—0; —E) and \ on —E; + 00
2 2 2

. 3
Global maximum at t = -5

b. fr)y=r3+16r f'(r)=3r>+16>0foranyr € R
therefore f is 7 and there is no max nor min.

_ 2x(x=2)- x%-3 x%—4x+3
¢ f) =1 =
A=16 — 4><3—4sox —4x+3=(x—1)(x—3).
Thus f'(x) <0 for 1 <x < 3and f'(x) > 0 elsewhere.
f'(x) =0 iff x =1 or 3. Both are local maximum. Since f(1) = 2 and
f(3) = 6 it follows that 3 is the global maximum

2015/05/18 10




App
(i

h

iIcation: optimization
] il # TS =E1E)

e Kind of “problem with constraint” (&l#9{F=F5R8)
min f(x)
g(x)=0

Find the minimum of a function f that must satisfy
also the constraint  (#1#3) g(x) = 0.

* Example:

T

~

v l|||IIIIIIIIIIIIIIIl

2015/05/18

1 b

Given a can (i, = a cylinder &

Constraint: Volume=hmr4=1000cm?3

Find h and r that minimizes the
surface (E1¥&= S(r, h))of the can:
min S(r, h)
htr2=1000

Answer: r = 3/% ~ 542cm h = 2r ~ 10.84cm

11
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Asymptotic and growth (I)

We want to compute:
X ex

lim 2 (ex: lim
X—00 xn . X—00 x100

=7)

lim

X—00 X X— 00

(In(x)" (ex: lim (InG)*°

X

90
80
70-
60

¥ 50-

40-

?) 30

20+

10

(indeterminate form of type co/o0).

Ty=x _y=x y=x y=x e

7,
1.x 10

3

3 4 5 6 X|

V=X y=x y=x y=x e

11

12

13 14 15

3 4 5 6__ x

y=x y=x y=x y=x e



X
* From the graphs, it seems that lim = = 400 whateverisn > 0.

x—o0 X1

In(x)

* What about lim = limx" In(x) whenn > 0?

X—00 xl/n X—00

11:
— log(x)
—Vx
S

4
— X

— Vx
— x
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Asymptotic and growth (IIl)

From the graphs, it seems that lim 1;11(/92 = 0 whateverisn > 0.
X—00
X
BE#%E#25: ¥ Prove that lim — = oo forn > 0.

X—00 X

1. Show thate* = (n + 1)x for x € (n, ©)
(Hint: Let f(x) = e* — (n + 1)x. Is fincreasing ?)
Answer: f'(x) = e* — (n+ 1).
f'(x) > 0 (sure if x > n because e = 2.78)
Therefore f is /7 on (n, o).
Next, we have f(n) > 0 (Ifn = 1then f(1) = e —2 > 0and clearifn > 2)
Therefore e* > (n + 1)x for x € (n, ).

2. Deducethate* = x™"*1forx > n(n + 1).

Answer: lety =x/n+1,and y > n(:> x>n(n+ 1)).
)n+1

X X
By 1), e¥ > (n + 1)y, equivalently en+1 > x. Thus (en_+1 > x"tl
= e* > x"lforx >nn+1)

3. Use the sandwich theorem to compute the limit.

X
Answer: By 2), i—n > x forx >n(n+ 1).Since lim x = oo the sandwich theorem

X—C0
X

(Lect. 3 page 22) implies that lim e—n = 00,
2015/05/18 X—00 X 15



Asymptotic and growth (IV)

* Deduce the following limit forn,m € Z<

(Hint: Use the limit of the previous page and consider
a change of variable. BIOR— DIBRZEFIFHLTEH
DEWMEEZITEL)

1. lim (In(x))

X— 00 X

Hint:y = In(x). Answer is 0

2. lim x|In(x)|™ Hint:y = In (1) Answeris 0

x—07t X

3. lim |x|"e™ Hint:y = e™ ™. Answer depnds.

X——00
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Homework (I1)

||~

A rectangle is inscribed in a semicircle of radius 2.=

Z2OFAIZAERSEEIERAELH D,
What is the largest area the rectangle can have, and
what are its dimension ?

xULLWHERZFDORAENMIN,

A

o

o
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