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Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[4/20-27] L2-3 : Functions and
graphs. Plotting with Mathematica |

(F52%7T0yh33)
[5/7] L4 : Infinitely small and large :
limits (1B[E)

[5/11] L5 : Differentiation (E#5iE £
EWIE)

[5/18] L6 : Differentiation Il :
extrema, related rates ... (}B{EL...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion

(Za—kriiETA5—ERH)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus. & 7'I.

[6/8] L9 : computation of indefinite
integrals F~EED

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ R: &k, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (E=H[»), work of a force.

[6/29] L12 : Ordinary Differential
equations (one variable) &M% A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME M A2 BRANIR
¥ (RIEA/NDSUDIRYF. (X4)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFI|FHL TE M7



Program

1. Definition, Introduction (JEZE)

2. Motion. Chain rule & rates of change
CEE, EiHEE, TI1E3F)




Tangent line to a curve graph (B D #E4)

Let f: E R - R a function, x, € E.

If Illing) f(x°+hz_f(x°) = m exists and is finite (FELTHRBRTHNIX)

m is called the slope of the tangent line to the curve y = f(x) at the point

m= lim —
} Ax—>(() Ax A ) f( )
slope m=—= - o fxe+Ax) = fxo
ar yDENE = Jim Ax
(xo + Ax, f (o + AX)) slope of the tangent
EROESE
run Ax
(xo, f(x xDiEmME
J
/ = f(xo + A%) — f(x0)
yDEME
run Ax (x0, f (x0))
xDEME Ax — 0

2015/05/11 & 2015/05/18 4



Derivative of a function (Zpg%%)

 fiE c R - R,isdifferentiable at xy, € E (xoI2HBWTH A ATEE), if
the limit lim Z22=/t0)

X-Xg X—Xo

exists (and is not +00).

The limit is denoted f'(x,) and is called the derivative of f at the
point x, (f'(x)%& x = xo|ZBVNTHMAZEEEMESR) 6

* Let F c E be the set of points where f is differentiable (15> 7l g&
[CIEBEDEAREEEFET D).
f':F - R, x - f(x)
is the derivative function of f (f MDEEHZIEFES).
If F = E, then we say that f is differentiable.

* (FAEE)To differentiate function f: B fZFMH T 5
Differentiation: ffl43i%
Another notation (fBDEEE): f'(x) = %f(x) (Reading: “d f d x”)
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« One-sided derivative (T {EIE R %K)
lim f(xo+h)—f(x0)
h-0t h
right-hand derivative H#%
lim f(xo+h)—f(x0)
h—0~ h

left-hand derivative Z# %

* Lecture 3, page 11:
Xy € E isinterior (&)

f differentiable at xy & right an left-
hand derivative exist, # +o , and are
equal.

* Xo € E is an endpoint (ffs) say a

f differentiable at xj; &
derivative exist, # + oo
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y = x|

» X

0\

y' not defined at x = 0 (interior)
Right-hand derivative # left-hand
derivative

Slope =

(b + h) — f
lim 2232 —J0)
h—0 h

Slope =

\
lim fla + h) = f(a) P

h—0" h

N\

y = f(x)

a a+h b+ h b
h>0 h<0
Derivatives at endpoints are one-
sided limits 6



Compute the derivative of the functions f; & f,

filx +h) — f1(x) _ (x +h)" —x"

o . n =
fiix P x An(h) - -
x™ + nhx™ 1 + h? (—(n _Zl)nxn_2 + et CERl2xnR 44 h”_z) —x"
B h
nx" 1+ hB,
’llirr(l) A, (h) = nx™ 1 therefore [fl’ (x) = nx"‘l.]
1 1/(x+h)"—1/x" x"—(x+ )"
¢ X P — A = =
fz xn n(h) h h(x + h)"xn
x™ —x™ —nhx"1—p2p, = —nx"7? hBy
N h(x + h)"x™  (x+ b (x + )
: : hB, . —nx™1 —nx™1 -n ,
Since lim -~ " = 0, and lim —=2-5 = —5— = 5. Thus f2(x)

2015/05/11 & 2015/05/18

-—n
xn+1




Compute the derivative functions of f; & f,

X
® " o
f3'x € x+h_ex eh—l

e
Ay (h) = n =e” n

: —_ X / — X
illl_r)rcl)Ax(h) = e”*, thus [fg (x) =e }

* fr:x — In(x)

In(x + h) —In(x) 1 | In(1+ h/x)

Ax(h) = h X h/x
But lim A, (h) = L jim 234 ith b = 2,
h—-0 X h!—0 hr X
’ _ 1. In(14+n") 1
Therefore, f, (x) = - }}}r_)no =
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Compute the derivative functions of: /. & f;

- x > sin(x) sinCx + h) — sin(x)

Ay (h) = n

_sin(x) cos(h) + cos(x)sin(h) — sin(x)

h _ sin(h)
=51n(x)< ) cos(x)( r )
Since lim Sinth) _ 1 and lim =0,
h—»0 I h—0

lim Ax(h) = cos(x) and [fg(x) = cos(x). |

* fo:x » cos(x)
fr(x) = fes (g — x) therefore
fr(x) =—f¢ (g — x) = — CoS (g — x) =[— sin(x) = f7(x) ]
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Differentiation rules (#(%i%)

e Let « € R, then Z—Z =0 (FIEER)

* Linearity of the differentiation: « € R, f,

d(af + )=adf+d
dx dx dx

o Fv. 2 (.2 _
Ex: dx(x +3x) =2x+3

. . a4 ) ar
Product: dx(f ) = — 0

* Quotient: ol >

d daf
d (f) i ax

Ex: d (x?+3x\  (2x+3)(x+1)—-x%—3x _ x?4+2x+3
“dx \ x+1 ) (x+1)2 T (x41)2
d
—tan(x) =

dx
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Derivative formulas

Function (B8#) Derivative (8 %)

o X
In x
x™,n € Zsg
7 n € Zso
cos(x)
sin(x)

tan(x)

2015/05/11 & 2015/05/18

ex

1
X
n—1,n

nx € Z~o

—Nn
xn+1 ’

n € Zsg

—sin(x)
cos(x)

1

1+t 2 =
+ tan(x) cos(x)2
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Program

1. Definition, Introduction (EZ)

2. Motion. Chain rule & rates of change
EE), EiHEE, TEER)




Motion and speed | GEE)&EE)
Position at time ¢ ... and at time ¢t + At
’~ As ~ t: time
° ¢‘ o 3 s = f(t): position
s = f(1) s + As = f(t + Ar) function

Definition: Velocity v(t) is the derivative function of the position

function s = f(t) with respect to time.
_ds _ . ft+AD)-f(B)
v(t) = dt Al}:r_r)lo At

Speed= |v(t)]

Definition: Acceleration a(t) is the derivative function of the velocity
function v = f'(t) with respect to time.

dv _ d?s
alt) =4 = ae



Motion and speed | =x| Rert=
//’:— P(cost, sint)

« If s = (x(t), y(t)) is the position / <
t=1r =0

function of a body in the plane - —
(x,y), then: e
* The plot {(x(t),y(t)), t > 0} is not
the graph of a function in general. 1
A -7

* Ex: x(t) = cos(t), y(t) = sin(t)
The circle is not the graph of a function y = f(x)

Definition: The velocity of a body in motion in the plane is the

5 - . dx dy = _ E 2 ﬂ 2

function: v(t) = (E’E) Speed=|| v(¢t) ||= \/(dt) + (dt)
. : — d?x d?y
The acceleration is defined as: a'(t) = |— ,—
dt? ' dt

Exercise: Draw the speed velocity and acceleration vectors at
instant t = 1 of a body moving around circle on the top-right
graph ?
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Chain rule (GEfH=%E)

Theorem: If f:u — f(u) is differentiable at the point u = g(x)
and if g( ) is differentiable at , then the composite function
(feg)( ) =f(g())isdifferentiable at , and:

HL fruwe f(w) [Fu =g )IZEWVTHAAEE. g( )X [ZTHULNTH 7 T8
Itz EREE (Fo9)() = f(gG)IE [SHIT DM AIEET.
(feg) ) =f"(g() g'(x) | (ify=f(u)andu= g(x)then

dy dy du
dx  du . dx )
. ?E ’;powenr ch?}n rule” g(x) is dig‘erentiable at x,.
x) =x", og)x) =g(x)" ,
(f e g)gexg =\nggx;" tg'(x) =f’($(x))
L

* Ex: Let f, g, h be there differentiable functions.
Compute the derivative of (fogoh)(t) =f (g(h(t)))
(fogeh)'(t)=(fog)(h(t)) h'(t)=f (g(h(t))) -g'(R(®)) - 1 (t



Differentiating with the chain rule

* Let u: x » u(x) be a differentiable function

e () u'(x)e*™
In u(x) u'(x)
u(x)
u(x)",n € Zsg nu' ()u(@)* 1,n € Zs,
1 !
ek n € Zso u(Tgrgg' n € Zsg
cos(u(x)) —u'(x)sin(u(x))
sin(u(x)) u'(x)cos(u(x))
tan(u(x)) 2 (%) (1 + tan(u (x))z) _ Coslé;fzc,z))z
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Related rates (BARDE S L ILE)

‘V=§T[7”3

. . . . dius (%)
e If the radius r varies (Z43") with time i

t how will the volume V with respect

to this rate of variation ?
aVv Zdr

E:ZHTT E

--------------------------
-----
aaaa
* .
. .

. °
'''''
''''''
--------
------------------

* Exercise: The volume of the water is

given by V = (7/3)y*(3R — vy),R = 13.

1. At what rate is the water level y ~ Water level
changingaty =8m?

2. Compute the radius r in function of y

3. At what rate is the radius changing at
y = 8m?

Center of sphere

dV_6 3.
Frie m>/min



Homework: hand in next time pliz

1. Compute the derivative function off

f(x) = tan(sin(x)3)?

.l\ 3
= 9m’/mn

2. Inthe cone cylinder, T
find how fast is changing 7 1
the level of the water y ’

when the water is flushed ' , pei_
at 9m3/m|n ? dt ! ‘ /‘/ 10m
wheny = 6 m :
/
:
:

dV_9 3.
dr m>/min



