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Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[4/20-27] L2-3 : Functions and
graphs. Plotting with Mathematica |

(F527%7T0ykh33)
[5/7] L4 : Infinitely small and large :
limits (15[R)

[5/11] L5 : Continuity and
differentiation (E#E ¢ EM %)
[5/18] L6 : Differentiation Il :
extrema, related rates ... (}B{EL...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion

(Za—kriRETA5—ERH)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus. & 73'l.

[6/8] L9 : computation of indefinite
integrals F~EE»D

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ R: &k, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (E=H1»), work of a force.

[6/29] L12 : Ordinary Differential
equations (one variable) &5 A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME Mo A T2 BRANIR
¥ (IRIEA/NDSULVIRYF. (£43)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFI|FHL TE M7



Program

1. Definitions (FE)
2. One-sided limits (F{AI4E[E)
3. Indeterminate form (A~E 2 DIHLE)

4. Squeeze (Sandwich) theorem and applications:
Limit of sin8/6 at 0 limit of (e — 1)/h at 0

(IXEHOIEDTEEBEFNEHH)

5. Continuity (GEHE14)



Reactivation of intuition (&

x2+1

&%

AT

D E

What is the domain of definition of - ?
2
. xX“—2
Z. lim =
x—-0 X—
2
. xX“—2
2. lim
x—1t x—1
2
. xX“—2
3. lim =
x-1 x—1
2
. x2-2
4. lim =
x—oo X—1
2
. x2-2
5. lim =
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X [-5,5] EOBEEEH S (x) =’;

—2

(bIT) EERDT 77,



Limit of a function (1) (BEA%tD4&RE)
Beyond intuition (ER%#23)

1. Finite limit at a finite point ¢ (cI[ZH 1+ 2B R DIGBR(E)

lim f(x) =L

X—C
(Reading “the limit of f as x approaches c is L”
X% clZIEDIT=EED fix) DIWBRIL L THB)

means that the quantity |f (x) — L| can be arbitrarily small (as small

as we want) if |x — c| is small enough.
|x — c|lE+RIDETNIL E|f (x) — LIZETRYLKSTHNEKGEHIENTES,

x DEZ c ITHRITED TN fF()DEZE L ITELRYLNKSTEEDIFEHIEMNTED,

Ex: lim sin(x) = '—\ 05/\
x—0 }

x=01Z8BF % f(x) =sin(x) OEREILf(x) D r=03FFT L HEIZERF




Limit of a function (1) (B3ZtD+&ERE)

2. Finite limit at the infinity (ER:EASI12H1T25BOBERE)
lim f(x) =L
X—00

(Reading “the limit of f as x approaches infinity is L)
xZEERITAEDIEZDf () DIBRIZLTH S,

“f to L when x becomes arbitrarily large”
xMRY ISR EFLIGE D EESf(X)ELIC ERAE

means that the the quantity |f(x) — L| can be arbitrarily
small if x is large enough.

HBY LR EBRS () DENHHMEITES, K

.1
Ex: lim - = M—L_x\y\Kl —
X—>—00 X |

S [-7.2] LOREEH(x) = & (BIUT) BWEROT T,




Limit of a function (IIl) (BEZKDI&ERE)

3. Infinite limit at a finite point c(cIz&1+ 2 ER DGR )
lim f(x) = o

X—C
(Reading: “The limit of f as x approaches ¢ diverges infinity”

xMIZRYGGEDSESEESf () IFIEDEERIZFEERT )

means that f(x) can be arbitrarily large if [x — c| is small enough.
x DIEZ c [T+RTEDIFNIE (or |x — c| X+ IZhESTFNIL)
fODEZE BEEX ICEORYLSTHEREILGEHIENTED,

Ex: lim —

1
xao\/m B

T T T 1
-2 -1 0 1 2

x=01251 % f(x) :ﬁ DABFRMEIL f(x) 7% x =0 SFEEC L BIEICIETE



Limit of a function (IV) (B D 1B E)

4. Infinite limit at the infinity (BRESCET2ERDIER)
lim f(x) = o
X—> 00

(Reading: “The limit of f as x approaches infinity diverges to infinity”

xZ R RICRYGGEDIESEES () IXIEDERRIZFEFLT D)

means that £(x) can be arbitrarily large (as large as one wants) if x is
large enough.

x ZERKIZTHITED TN (or xR IZKE(TNIL)
FOODEE EREX IZELRYLKSTHREGRHIENTES,

Ex: lim x =

X— 00

2015/04/27 & 2015/05/11 0 ! S 4 ’ 8



Limit of a function (V) (B8%k 1% RR)

5. There is no limit:

(or “the function f has no limit at ¢ (or at 00 )” )

Examples:

0

(a) Unit step function U(x) (b) g(x) (¢) fx)

2015/04/27 & 2015/05/11 9



Program
1. Definitions (GE%&)

2. One-sided limits ( Fr{AI4E[R)
3. Indeterminate form (A~E 2 DIHLE)

4. Squeeze (Sandwich) theorem and appllcatlons
Limit of sin8/6 at 0 limit of (e — 1)/h at 0
(IFEHIEDEEEZDER)

5. Continuity (&t %)



One-sided limit (B {BI4&RE)

* Endpoints, interior and isolated points (i &, 15 & )

f:E c R = Ra function with E its domain of definition:

—0Q0 1 O 1 3 + 0o
. @ O = 00 '

E = (—oo, —1]U{ U (2,3)

—1,2,3 are endpoints (ifig). Other points in E are interior points
(W% they are inside an interval). O is an

* Casel- c isinterior: ] llrr})r_‘f(x) = L (or N) “right (or left)-
hand limit” ?

Reading: “. ﬁproaches ¢ to theright (Ieft)

Deflnltlon |n the previous slide, replace “ |x — cl is small
enough” by “x — c s small enough and x > ¢”, “c — x is small
enough and x < ¢”)

lim f(x) exists & 11m f(x)and lim f(x) exist and are equal.
X—C X

2015/04/27 & 2015/05/11 11



One-sided limit (I) (& {AI4ERR )

E = (—o0,—1] U {0} U (2,3)

e Case 2-> c is endpoint ](for example, c is a right endpoint like —1,3
above. A left endpoint is 2)
Then we can define a left-hand limit when x — ¢~ but we cannot define
a right-hand limit x — ¢™ (f is not defined at the right of ¢ !)

lim f(x) exists & lim f(x) exists (and then they are both equal)
X—C X—C

* Case3-> cis ] no limit, nor right-hand neither left-hand limit.

THEEANEN, ELA DA AIIEREAEL,




Exercise:

True O orfalse X ?

a) lim, f(x) =1

c) xli%l_ fx)=1

e) chi_r)r(l) f(x) exists

g) lim f(x) =1

i) }CI_I)I} f(x)=0

k) ,}E{l f(x) does not exist

2015/04/27 & 2015/05/11

b) lim_f(x) = 0

d) lim f(x) = lim f (x)
f) 31}_1)1}) f(x)=0

h) 9161_r)1} fx)=1

i) lim f(x) =2

) lim f(x) =0

x—2Tt

13



Exercise:
#,
(x2—1, if —1<x<0
. -2x + 4
2X, if 0<x<l1
1 if x=1
= = ‘
&) —2x+4, if 1<x<?2 . ?———’-"
0, if 2<x<3 '
y=x?-1 ILr_l
1. Forc = —1 and ¢ = 0, answer the questions:

a. Does f(c) exists ?

b. Does lim f(x) exits?
x—ct

c. Whatabout lim f(x)?

X—C

2. Is f definedatx =27
What is the value of f(3) ?

2015/04/27 & 2015/05/11 14



Exercise:

1. Is there a (right, left) limit at 1 of the function
x%-1

?
x—1

fix

2. Same question for: g: x 9;__1 ifx 1
11 ifx=1
x%+x—2

3. Same question for: h: x » —;
X=—X



1.

2.

Program
Definitions (E#)

One-sided limits (F{I4&FRE)
Indeterminate form (A~ E 2 D 1B R )

Squeeze (Sandwich) theorem and appllcatlons
Limit of sin8/6 at 0 limit of (e — 1)/h at 0
(IFEHIEDEEEZFTNDER)

. Continuity (ZE#t1%)



Operations on limits and indeterminate
forms (#BRDEEERER)

[fECR—->R, g:F cR—-> R betwo functionsandletc € ENF
lim f(x) =L limg(x) =M

X—C

N I i S

L+M L-— LM L/M,M#0
.
0 o |- 0 0
Value of a limit o 0 | o 7 o0
at a point c or at - +0 o |o > oo
o0 00 o0 |? o0 ?

2015/04/27 & 2015/05/11 17



Exercise:

1. What is the domain of definition (E£3&15) of the

functions:
__ 1+x+sin(x)
. f(x) ~ 3cos(x) .
+x2-1
b. g(x) = - x;:—S
C. h(x) = V4x2 -3

2. For each endpoints ¢ of the domains, find:
lim f(x) and lim g(x)
X—C

X—C
3. Tell if the limits below exist, and if so compute it.

lim_ h(x) = , lim h(x) = , lim h(x) =
m_h(x) m, h(x) lim. ()

X7 X—5- 2



Simplification (Bifi{t)

Simplify (B #fi{k) the following expressions (Z{ =)
to find the limits.

Vx2+100-10 . . : : :
1 f(x) = i > . Limit at 0 is an indeterminate

form of type 5
A ¥ 2 —
2. lim &5

x——1 x+1

3. limHWx+9—+vx+4)

X— 00



Behavior at oo of rational functions

(7

* Ex: lim —;
x—>oo Xx°—1

x104x+1

EERORRETORDS

L)

is an indeterminate form of type%.

* (Lesson 2 page 16) Rational function:

Anx+an_1x" 1+ tax+ag

flx) =

lim 4% _

e Theorem:
x—+oo B(x)

anpx™

It behaves like

(#EPEIZT

by x™

by x™

by x™+---+b1x+bg

at co
D ESIZIR B E

. A x™
lim —
x—+00 by x™

o

—

)

_ AX)

~ B(x)

a, #0,b,, #0

an

f_ 9n

if n=m

m

0Oifn<m
+ooif n >m

_—

<

(+ or —depends on the
signs of a,, and b)) (a, &

b DHFFITHKFT D




Proof (ZIEBA)

¢ A(x) = anx“ +ap_ x4+ ax +ag = axm” (1 +

anll_l_ 4 1 _I_aﬂl)

an X chlx”‘i (an x™

¢ B(x) = b, x™ + -+ byx + by = b, x™ (1 plmalpy
b, 1 by 1 "
b x'm—l b Bl
lim i{ =0 fori > 0 =termsinbluegoto0 when
x—+oo X
X — 00
Therefore

. llIJlr'l A(x) = llm a,x" (1+0)
T and . lim B(x) = lim b, x™ (1+0)

xa+m — 400

* Thus, lim 22 = Jjy SnX

x—+oo B(x) x—>+m B elit

2015/04/27 & 2015/05/7 21



Exercise

Use the theorem to compute the following limits of
rational functions.

2
n _x +1
7. lim
x—00 3x34+2x%2+1

. —x3+1
% 9!1—{{:10 3x3+2x2+1
3,1 (think of changing of
2 lim $=2 -1 variable Z# N % i)
T x-1 (x_11)2+1

4. Use the same trick as in the proof to compute:
x + sin(x) +/x

lim
x—o x4+ sin(x)



1.

2.

Program
Definitions (E#)

One-sided limits (F{I4&FRE)
Indeterminate form (A~ E 2 DIBE)

Squeeze (Sandwich) theorem and appllcatlons
Limit of sin8/6 at 0 limit of (e — 1)/h at 0
([FESHIEDEEEETDER

. Continuity (ZE#t1%)



The sandwich (or squeeze or pinching)
theorem (IZ2# 55D EE)

* Ex: lim x + sin(x?) =

X— 00

e lim x - sin(1/x) =
x—0

Theorem: Let [, g, h be 3 real
functions such that

f(x) < g(x) < h(x)
for all points x in an interval |a, b],
except maybe atc € (a,b). If
lim f(x) =limh(x) = L
X—C X—C
Then|lim g(x) = L

X—C




Application of the sandwich theorem

e lim =
x—0

e —1<sin(1/x)<1,x+0
* Therefore,

flx)=—x<

e lim f(x) = limh(x) =0
x—0 x—0

= h(x)

IN

* By the sandwich theorem, wo obtain:

lim =0
x—0



The sandwich theorem at infinity

* Theorem: If f(x) < g(x) for all x in some interval I = [a, b] (or
I = |[a, ©)) except maybe at a point ¢ € [a, b]

e andif: lim f(x)and

lim g(x) both exist, then

X—C 0Or ©o X—>C 0Or ©0

lim /() < lim g()  (or lim f(x) < lim ()

X—C

lim f(x) = oo (or hm f(x) = o)

X—C

N\

(Corollary (%, = consequence) : With the same f and g as above, if:

then

lim g(x) = o (or lim g(x) = o)
X—C X—00

J

* Application (32[) lim x + sin(x?) = ??

X— 00

e f(x) =x—1<x+sin(x?),

theorem at infinity, lim x + sin(x?) = oo.
X—> 00

lim f(x) = oo, by the sandwich
X—C0



Limit of sin@ /80 at 0

sin 6 . : : 7=
 lim is an indeterminate form of type —
-0 6 7=
* Area (Ef&) of triangle (= &%) OPA:
T Aopa
* Area of sector () OAP: 2, ,p
PPN\ NS .
i;a 5 Area of triangle OAT: Ay 47
o A8 Q A ° A()AP < 2pap < Apar
° = sm(@) < nr? X ( ) <- tan(H)
. 1 sin(6) X 0 (9 > O)
1< sin(6) < cos(f) = cos(9) = 0 =1 sm( )

* Since lim cos(8) = 1, by the sandwich theorem:
6-0t
I sin(0)
im =

x-0t @

2015/04/27 & 2015/05/11 27



Exercise

sin(2x)

1. Compute lim
x—>0 bx

cos(h)—1

2. Compute lim
h—0

3. Letx € R, fixed (ZETHLY).

Show that lim St +h)=sinC)
h—0 h

sin(sin(x))

= cos(x)
4. lim
x—0 X

: sin(x)
5. }Cl_r}(l) sin(+/x)




Limit of (eh — 1)/h at O

eh—1

: . : 0
* lim is an undetermined form of type o

. (lesson 2, page 17) x — e* was defined as the unique function:

— f(1) =e =276
fla+b) = f(a)f(b) (+graph of f is smooth, E#TH)

Proof next slide
* To compute the limit, we need to know what is e = 2.76.. (RIZEEHR)

n _ 1
* Definition: ¢ = lim (1 + %) (= lim X Cr’fﬁ)

n—oo n—oo

n—>0o n—>00

We have: lim n (e% — (1 + %)) = lim n(e% — 1) —1=0

1 n— h_
Thus, lim n(eﬁ — 1) =1.leth=1/n. Then lim = L limE—=1

Nn—oo n-oo /n h-0 h




Proof that lim n (el/” —(1+ 1/n)) =0

Nn—00

e — (1 + 1/n)n
- (elfn - (1 + 1/?1) )(8%(1 + 1/}1) T “3#(1 T 1/}1)2 L

i e%(l 4 1/}1)?{_1)
= (elfn o (1 + 1/?1) )Bn

Each term ek/”(l + 1/ )" % > 1. Therefore, B, >n — 1.
By assumption,

lim (e'/n = (1+1/5) ) B, = lim e — (1+1/p)" =0

11— CO

Therefore, since B, > n — 1.

limn(el/n — (1 + 1/?1)) = 0.

n—Cco

2015/04/27 & 2015/05/11 30



1.

2.

Program
Definitions (E#)

One-sided limits (F{I4&FRE)
Indeterminate form (A~ E 2 DIBE)

Squeeze (Sandwich) theorem and appllcatlons
Limit of sin8/6 at 0 limit of (e — 1)/h at 0
(IFEHIEDEEEZFTNDER)

. Continuity (&t %)



Continuity at a point and on an interval

RERXBTERE

Definition: f: E C R - R iscontinuousat c €
E if:
Casel: c is an interior point of E
1) 11m f(x) exists and is not +oo

2) llm fx) =f(c)

Case 2: cisan endpoint and ¢ € E (say here a left
endpoint)

1) le1}1+ f(x) exists
2) lim, f(x) = f(c)

=

f(x) { if x#0
1 if x=0
t v
0isan
interior point

1

*’

lim f(x) = lim f (x) =

x—-0" x—0t
Function defined over
R, continuous on R*

X

Definition: f is continuous on an interval [ if
it continuous at every point of .

Intuitive meaning: it is possible to draw the graph
of f on I without lifting a pen.

2015/04/27 & 2015/05/11

0 is and left endpoint
lim f(x) =
lim, £(0)

Function defined over

R, continuous on Ry,

32



Which functions are continuous ?

We have use this property all the time to compute limits !

WRZETE LI=FF (. Ef it Z 2R o=,

(No worry ©) Theorem 1: All the functions studied in lesson 2
(polynomials, n-th root, rational function, exp, log, sin, cos, tan) are
continuous on their domain of definition

1 : : :
* Remark: f:R* - R, x » ~ continuous on its domain of
definition R*. But not continuous at 0) -

Theorem 2 (composition §K): If f
is continuous at a point c and g
continuous at f(c),thengo f is
continuous at c:

limg o f (x) = g(lim f(x)) = g(f(c))




Continuity of the inverse

Theorem (Inverse ZFE§#): (lesson 2, page 19) The
inverse f 1 of a continuous function f, is continuous
on its domain of definition.

* Example: [n is the inverse function of x —» e*
which is continuous (by definition).
Therefore, In is continuous on Ry ;.

— 1
e Ex: lim =T i 0 (1 4+ R)7
h—-0 h h-0

Since x — In(x) in continuous at 1, this is equal to:
1
In (}lirr(l)(l + h)ﬁ) = In(e) = 1.




Intermediate & extreme value theorems
(rhRAED R, SAER/IMEEE)

Theorem: Let f:|a, b] — R be a continuous function.
Let m := min f(x) and M := max f(x).

asx<b asx<b
For any ¢ € [m, M|, there exists x. € |a, b] such that: f(x.) = c.
Remark:
* This is equivalent to (ts. M)

f(a,b]) = [m, M]

* Close interval EFIXF8 [a, b] is

important.
This is not true in general if
f:(a,b) > R | " 1
> X
* Very intuitive theorem, but the a % m b
m
proof is not.(IE &R RY7EE I T

HhAHM. TDEAXEERETIE
&LV,

(X, m)



Homework (Hand in on May 7t pliz)

2
. xX“—4x+4
7. lim asx > 0" and as x —» 27
x3+5x2—-14x

. 1—/x
2 lim
x—1 1—x
1 1

x->3+0T X

6. lim

x——oo0 12x3+128




Homework (I1)

7 lim (x2+x‘1)1/3

X—— 00 8x3-3

8. (a) Show that: lim At
x—0 X 2

(b) Deduce that: lim Vx? + x — x = %

X—0C0

(c) compute lim (2x — V4x2 +3x —2) (¥
X—00

9 lim cos(6)—-1
" f@-o0 0F 6

10. Let x, € R, fixed. Show that:
lim In(xg+h)—In(xg) _ 1

h—0 h X0




