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Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[

grqphs. Plotting with Mathematica
(J2527%7Av+9 5)

[4/20-27] L2-3 : Functions and ]
|

[5/7] L4 : Infinitely small and large :
limits (15 [R)

[5/11] L5 : Continuity and
differentiation (E#E ¢ EM %)
[5/18] L6 : Differentiation Il :
extrema, related rates ... (}B{EL...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion
(Za—biRETAS—EEH)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus F&E5I.

[6/8] L9 : computation of indefinite
integrals F~EE»D

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ R: &k, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (E=H1»), work of a force.

[6/29] L12 : Ordinary Differential
equations (one variable) &M% A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME M A2 BRANIR
¥ (RIEA/NDSULVRYF. (£43)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFIFHL TE M7



Today’s program

{1. Basics (Eff)

2. Powers, Polynomials, Rational functions

(NF3E, 2T FEEZ)

3. Exponential & Logarithm functions

(FEEE R ZIBEE £

4. Trigonometric functions (=HEE%L)




Functions and Maps (B#&E %)

(or a function)¢ from the set E to the set F
(REEDLEREBFIAND (FT=IXEZ) )

x an element of E E'is the domain of ¢

(xIXEDER) of x by ¢ ElEfDESEE
B x €E (PIZLBDxDZ) BH(E) - of 6
)
E

x',x" €E y EF
oreimage of y by ¢ y an element of F This is not
PIEDyDHZ yIXFDER

a map
2015/04/20 .



Real valued functions (ZE#ER8%k)

* f:E = Ris called a real valued function.
(Reading: “f from E to R”)

* f:E c R - Risafunction of a real variable (ZERJ%0)
Definition: The graph of f is the set of points

{(x,f(x)) : x € E}. Avisual representation is called a
plot or plotting. (ZDREHLERRIEITAYRELD),

Frame of the xy )

plane

xy 3% L D FE
EEA

—

y-coordinate of A
(or “ordinate of A”)
ADy-FERE

1y Point A of coordinates (2,2)

T

’. X,
" >

o

The x axis

origin
X$$ ngﬁ\

- \ x-coordinate of A
(or “abscissa of A”)

T ADx-FEFZ

The y axis

A y




The straight line (EE#)

fix > mx+ b,

 Equation:

(Reading: “f the function that maps x to mx + b”)

(m, b € R constants (FE%T), x variable (Z£%Q))

rise Ay
yDIEME

>

2015/04/20

* m s called the slope ({t&=)

 What is the slope of the
line below ? ¢




Exercise:

* Draw the graph of the function f:x » [2x — 2|

2V
1 X
} }

2015/04/20



Today’s program

1. Basics (HJ3)

(N, ZIEI, FEER)

LZ. Powers, Polynomials, Rational functions

3. Exponential & Logarithm functions

(FEEE R ZIBEE £

4. Trigonometric functions (=HEE%L)




Power functions (RE8%1)

* Equation: f:x » x%, ais a constant.
(Reading: “function f that maps x to x to the (power of) a”)

Case l:a € Z-, (Reading: a is a positive integer IE D)
The domain of definition (E%&15) of fisR

— fx)x— f(x)=x2 — f(x)=x3 — f(x)=x4




Power functions (II) (RFE8%) x — x°

Case 2: a € Z.y (Reading: a is a negative integer &N &%)
The domain of definition (FE&k) of fis
R* = (—o0,0) U (0, )

a=-—2

L1
f(x)=x1=;”_ f(x)=x'2—

1 2 3 4
x

Domain: x # 0
Image: y # 0

Domain: x # 0
Image: y > 0



Power functions (I11) (~3-EE%k)

1.54

¥

ol

1
Case 3:a = >
(surd or n-th root function, n
even — &%)

14

0.5+

X = X

The domain of definition (&
18) of fis
R+ — [O'-I_OO)

Case 4: a =

, llllll

UJlP—\
U'llb—\

1

2

—fe0=/x — f(x):x1 H—

1/6

f(x)=x

(surd or n-th root function, n

odd — %) o
The domain of definition (&% 4
i) of fis[0,0) or R (surd)

_ 1/3 __ 1/5
f(x)=x f(x)=x

2015/04/20

X

14

h%
I
0.5

1 2

T (x)=x

1/7

11



Power functions (IV) (RFBE#) x ~ x°

2 3
Case>:a =2, ... (a € Q)

3 2 2
Ex: xz2 = (Wx )3 x3 = (x1/3)
Case6:a € R
Needs exponential and logarithm functions to be defined
Cf Slide 18)

(FEHEAHEHMEBERIEDIVWTERIND, )



Exercise

* Match each equation with its graph:
a)y = 5x b) y = 5% c)y =x°

10+

_10_

2015/04/20 13



Polynomial functions (ZIEBE£)

e fixp ax"+a,_ x4+t ax +
(ay,aq--+,a,) are constants in R called coefficients ({%%)

* a,: leading coefficient (F&ERIFZE or EEIEZRED)
. ( )
* nis the degree (X#1) denoted deg(f) =n
/Example: f(x) =x>—3x*—5x>+15x° + 4x — 12 \

157

10] Remark: This
y .
A . polynomial has 5 real

/\ roots (3E4R). Since its

B ’ 2\/ ¢ degree is 5, it cannot
\ ” have 6 roots. /

2015/04/20 , o] 14




Exercise

* Given 3 points A(x4,y4), B(xp,¥5), C(x¢,Yc)
not in a line,

and such that y4 # yg, V4 # Yc and yg # y,
there is one and only one parabola (H##%) that
goes through the 3 points 4, B, C.

 Exercise: find the equation of the parabola going

through 3 points (interpolation ##fH):
A(0,0), B(1,0), C(2,1)



Rational Functions (HIEE8%k)

. fix o Anx™+ap_1x" 14+ +ax+ag _ P
b x™+---+b1x+bg q(x)

* Domain of definition (FE 12

7 _
7x + 4 2t : [

-4/2/'/2 4§ -4% |
f é _1
. _

2015/04/20

Y=

2 46 810 5_4 _92 \

5x2+8x—3§
3x2+2 i

():{x e R:q(x) # 0}.




Today’s program

1. Basics (HJ3)

2. Powers, Polynomials, Rational functions

(N, ZIEIN. FEER)

3. Exponential & Logarithm functions
(FEZ &R 2B 280

4. Trigonometric functions (=HEE%L)




Exponential function (3528 %k)

e fix > e* (orexp(x)) . o
{ Domain: R Image:R-, Notation (FC5)

-

* This is the sole (#E—) function verifying: e

(1) =e =~ 2.76 4
(a +b) = f(a)f(b) (+graph of f is smooth, iE#5x#4) | 1

* Properties
e e9=1, foralla b €ER e%tP = edgh
e = 2.76.. |
cef<loe x<0 )]

=
W 4= (9] (o)} ~J o}
. L . 1 L 1 . L .




Inverse functions (3% R8%k)

(e f[fECR->R
Definition (JE2§) : The inverse function (G¥EE%k) on
the interval (Rf&) F is a function f~1: F c f(E) > E

. such that: f(f~(x)) = x forallx € F. )

~

;E: Inverse functions do not necessarily exist (RMDR—

CESET D)
Ex: f(x) = x%, F =[0,+0), f7H(x) =+x

* (Existence theorem 7£7f & I#)
If f:E € R — Risstrictly increasing or decreasing (%%
= B or #270) on an interval I € E then f admits
an inverse function f~1: f(I) > I



decreasing y increasing

y
U . B I O S |
i | . __/*/
BEAY i |
: I T : 1 1 1 :II.I 1 1 .lx
1 1 1 1 1 1 i 1 1 T
|
| T |
— —— \‘.\

_____________________________

y = x? has two solutions, x = +/y
= This is the not the graph of a
function.

____________________________________________

The parabola y = x? is decreasing and then increasing on
the interval [—1,1]

Therefore, f(x) = x? is not invertible (RI# T%iLY) on the
interval [—1,1]



Exercise

* Show that if f is strictly increasing on an interval
E c R then its inverse function f~1 is also strictly

increasing on f (E).
LLLSIIREETHREEAEMTHNIEL, TOFEHLRMES(E) T
REHEEMTHAILETE,



Logarithm (%)

e fix — e”* is strictly increasing on R,
therefore it has an inverse function on its image

(0,00) = f(R).

« Definition: f~1: (0,0) — Ris denoted [n and |
called “natural logarithm” (&%) .

_ In(e*) = x = el"®)

+ In(ab) = In(a) + In(b) / B
In(1) =0

2015/04/20

22



Other exponential functions

a>0, frx — a” isdefined over R by: a* = e X n(a)

* The image f(R) of f is (0, +0).
o 0¥tV = pxty)In(a) — pxin(a)pyin(a) — 4x 4y

124 12-

104

y 67
4,
2,
45 -1 o5 o o5 1 15
¥ ¥ ¥ — X ___ X ___ -X
2015/04/20 = _ = _F— y=2 Ty=5 "yp=10 23




Other logarithmic functions

 f is strictly increasing.
Therefore there is an inverse function f~1: (0, +%) - R denoted:
f~1(x) = log,(x) and called logarithm in basis a ({EaZ &9 Hxt%k)

log,(y) =x ©®y=a*

* The logarithm in basis 10 is called “common logarithm” (& A %1%1)

* log,(x +y) =log,(x)log,(y),log,(x”) = ylog,(x)

In(x)
* loga(x) — ln(a) 27

2015/04/20 24



Today’s program

1. Basics (HJ3)

2. Powers, Polynomials, Rational functions

(N, ZIEIN. FEER)

3. Exponential & Logarithm functions

(FEEE R ZIBEE £

£4. Trigonometric functions (=& %)




Trigonometric functions (= £ RE%)

* Circumference (F/E) of the unit
circle (B L)
2T = 2T
e Radian (5v7Y)
Measuring angle (B ®I%E)with
length of arc (HlDEX)

. Anglq@ ~ length of the arc 0: }

0<06<2m
t=—4nm+«a s=6m+[
oA 0% ¥ an o o .a/.8ﬂ X
la ] L] L] ] ] IB ]
© g <>

is the representative of t in [0,2m) (writtent = «[2m])
* [Jis the representative of s in [0,2m) ( written s = [[2mr] )
o (0FE=L X.[02n)DH Tt £f=sHKEKIT 5, )

2015/04/20 26



Exercise

* Find the representative in [0,27) of the following
angles (m ~ 3.14):
51

10
2

—T[,



Sine and Cosine

* cos(2m + 8) = cos(6)
sin(2m + 8) = sin(0)
(2m-periodic function 27 - £RE%0)

* Pythagoras’s theorem (EAISRDEE)
cos(0)? + sin(8)? = 1



Sine and cosine (1)

" oS (% B 9) = sin(9) e cos(—8) = cos(6)
. sin (g _ 9) — cos(6) sin(—60) = —sin(0)



Sine and Cosine (Il)

» cos(m + 8) = —cos(6) * cos(m — 0) = —cos(0)
 sin(m + 8) = —sin(6) * sin(r — ) = sin(0)



Sine and Cosine (V)

 Special values:

y 0 ™ T T ™
6 4 3 2
cos(6) 1 V3 V2 1 0
2 2 2
sin(0) 0 1 \?2 V3 1
2 2 2
* Graphs:

NN

y = cos(x) y = sin(x)

2015/04/20



Angle Addition Formula

*[cos(a + ) = cos(a) cos(f) — sin(a) sin(f)
e|sin(a + ) = cos(a) sin(f) + sin(a) cos(f)

e s A e s
I cos(a + )
: .
l =S
I sin(f) sin (a) =
| e
I @)
—
Q1 ]
+ ! —
5 |
- |
S
Y
I
[
I
|
I

(o)uts (g)soo

cos(f) cos(a)

2015/04/20 32



Exercise

* Prove the following formulas

* Double angle formulas ({24 =)
sin(260) = 2sin(@) cos(6)
cos(268) = cos(8)? — sin(8)?

 Half angle formulas (AN 2A)
1 — cos(260
sin(0)? = (26)

2
1+ cos(26)

2=
cos(6) 7




Exercise (I1)

7TC

 What is the value of sin (E) ?
(Hint: Z_I + E)
12 3 4

T
e Evaluate cos (E) ?

o\ 2
* Evaluate cos (g)
(Hint: Use of half-angle formulas)



Exercise (1)

* Solve the trigonometric equation with 0 < 0 < 2.

3
sin(0)? = 7 sin(20) — cos(0) = 0



Tangent function

* Intercept theorem:
sin(6) ~ cos(60)

o T
tan(9) 1 * 2 7]

T PRI R
A= cos(0)’ 7

* tan is -periodic (/B #)

. __sin(a) cos(B)+sin(B) cos(a)
tan(a T ’8) "~ cos(a) cos(B)—sin(a) sin(B)
. __sin(a) cos(B)+sin(f) cos(a) (cos(a) cos(ﬁ))
- cos(a) cos(B)—sin(a) sin(B) \cos(a) cos(B)

1—tan(a)tan(B)

°[tan(a n ,8) . tan(a)+tan(B)J

2015/04/20



Tangent function

0 0 /6 /4 m/3 /2
cos(6) 1 V3/2 V2/2 1/2 0
sin(6@) 0 1/2 V2/2 V3/2 1
tan(6) 0 V3/3 1 V3 -

e The domain of definition of tan is: 61
Iy T al
U(——+kn,—+kn) -
2 2 :
k€eZ 2¢
¥ 2 T 2,/ 4
2|
4}
-6}

2015/04/20 37



Composition of functions (B0 & /K)

letf:E» R, g:F » R betwo functions,
such that the image g(F) is contained in the domain of
definition E of f : g(F)cE.

* The function
fogx) =f(g(x)

is called the composite of f with g
(Reading: “f composed with g”)

Ex: f(x) = x*, g(x) =+/x, then fo g(x) = (x)* = x.
;¥: the domain of f o g is not R but [0, +0) !



Homework: Hand in on April 27t pliz

* Find a formula for f o g o h:
[ =VaF L g =55, h() =1

x+4

* Fill in the following table (RMDFZESTRLE &)

x—7 Vx ?
? Vx —5 x2_—5
X cos?(x)
? Vx x|

 Review Mathematica functions and watch the video:

http://www.wolfram.com/broadcast/video.php?c=86&v=306 (H A&
http://www.wolfram.com/broadcast/video.php?c=86&v=307 (English)

2015/04/20 39
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