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Applied mathematics | (s FAELF)

* (mathematic) Modelization:

1. select meaningful numerical parameters to describe
D1 5 B\ A S R T B -t A
ST } I_._In“ d: : E pUAS Z - %:\—J:%?. d:
B/ \7%—9’5_‘3% L.
2. Use mathematical to study how these
parameters are related.

— o—="y_ - . :* KXy3
%%’G%" SDEEERZERET D=OICHF

e Optimization (&F&E1t)
* Many concrete problems can be expressed as: minimization
of a function (cost, length etc.) under constraints

SESFLEMILEHENRDBY [CRSN S HRfTEH&/ME

e f5l: min costF(FEAXL, £EIXF, [FFHOXE, )
example of constraint: client requirements: time, nbr of
orders, etc...

(FFIDE: 54T U ERSEML TXH. GE, )
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Applied mathematics Il (s FAZLER)
e Statistics (§f5t)

* Find a simple pattern/meanlng/lnterpretatlon in many data.

ZLDT—R2DH, NFI—0 BR-BRERDI+5,

« Mathematics for Computer Science (avEai—4—H AT
VRIZEITBEE)
* Because computers can only process finite numbers & data,
discrete mathematics occur a lot: data transmission (
), cryptogaphy, ...
nJr%i*ﬁzlat?ﬁBE?ay&O)T—@tH’é‘kﬂf%éf—&) r‘ﬁﬁ 2
FNELHS: T—RERE ( ). RS &t

. Slgnal processing ({E5A18) : audio/video-communication,
data compressmn speech recognition

(_ _QE%ﬁs B/~ uuunﬁk f&t)
. ,iI%orlthm design and analysis (7 JL3 ') X LE%ET. SR AT
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Basic concepts of modelization

1. Predictive model: from the model to the real world
(FHB:ETILHLIREDHFEA)
 Example: meteorology. But all physical equations (Newton,
Maxwell, Einstein etc.)

XS T, SN T TRTOMEBE R AR
(Z3—FD RIRDTIL. FALL2BAUBE),

2. Descriptive: from real world to the model
(BB WEDHENSETILA)
 Example: financial data (accounting)
BT —% (K5 0HE) ,




Evolutionary process and predictive
model GE{EDBFEEFRIGETIV)

* Time is very often a main parameter.

B L EBIG/INTGAFI—D—DTHAHAZENIFEREIZELY,

* Predictive model are often used to describe evolutionary
process

* Most evolutionary processes are modeled by
differential equations. \
E_&(@\% DEDBENE ST HEXCL>TETIVIES

—> One aim of this course is to introduce and
understand basic of differential equatlons

0) t T[ N = m £ L '\
L ?é%ﬁig_é'_ﬁﬂ’l %’5 3. EB(E)MH AREXZBN

2015/4/13



Path towards Diff. Eq. (s AREADE)

1. Review of basic mathematics

ERDOAFZEETD

f'(x¢)-> slope of the
tangent (FEHRDIEE)

2. Differential calculus ($# %) —

/ R T f(x0+h)—f(x0) (xOJf(XO))
f'(x) = }ll_r)% )

3. Integral calculus (3&%) :
i fodx = lim ~3R f (a+ kZE) A

S
o
-5
o
-
NQ
D
<<
o
o
M

rential equations

E

N—




Plan (tentative)

[4/13] L1 : introduction. Review of
high-school mathematics in English.

[4/20-27] L2-3 : Functions and
graphs. Plotting with Mathematica |

(F57%70vk9 %)
[5/7] L4 : Infinitely small and large :
limits (4&[R)

[5/11] L5 : Continuity and
differentiation (E#E[E &M 7 %)
[5/18] L6 : Differentiation Il :
extrema, related rates ... (fB{E&...)

[5/25] L7 : Differentiation Ill :
Newton’s method, Taylor’s
expansion

(Za—b2ikETAS—RER)

[6/1] L8 : Mid-term test. Integration
| : definition, fundamental theorem
of calculus F&4.

[6/8] L9 : computation of indefinite
integrals F~EE»D

[6/15] L10 : Application of
Integration | : length, volume and
surfaces

W\ R: &k, mia. 515

[6/22] L11 : Application of
Integration Il : average, center of
mass (E=H1»), work of a force.

[6/29] L12 : Ordinary Differential
equations (one variable) &M% A
FE

[7/6] L13 : Linear Differential
Equations of order 2 : harmonic
oscillators (small-angle pendulum,
spring). —Ps#RME M A2 BRANIR
¥ (RIEA/NDSULVRYF. (£43)
[7/13] L14 : Ordinary Differential

Equations with Mathematica.
MathematicazFIFHL TE M7



Some English maths terms...

* { }denotes a set of objects:
FE/DEEZTHRT,

Ex: {...,—2,—1,0,1,2,...} = Z —> set of integer numbers

BHDER)

Even number (&%) > ...,—6,—4,-2,0,2,4,6, ...
Odd number (FF80)~> ...,—5,—-3,—1,1,3,5, ...
e« —3 €7,

Reading: “minus three belongs to the integers”
TAFTRZFBHEENS, Or
“minus three is in Z” (R4 +R=ILzZI=H3)

* Ris the set of real numbers. —1,2,v/2, 7 € R
I=Z#HEAEHRTHS,

2015/4/13 9



* Addition, subtraction, multiplication, division. .
BLE-ME. 5IEE-EA. NFE-FA. FVE-BRA
—00 1 O 1 3 +o00

* [1,3] “closedinterval”’={a € R:1 <a < 3}
o X [l
(1,3) “openinterval’={a € R: 1 <a <3

5 X [E \ “Such that”
(f=1=L)

S e NC T

S={a€R:a< -1} = (—00,—1]

Reading: set of real numbers which are smaller or equal
than minus one.

*R= (_OO' +OO)

2015/4/13 10



Today’s agenda SHM®B X

B w e

S

Fractions 433K
Modulus (absolute values #&x%t{E)
Inequalities A~ZF=

Expansion and factorization RERH& D f#
Binomial expansion _IHEIE

Square root and n-th root AR
Quadratic Equations 22X AFFE=

Summation of arithmetic & geometric FZE&
progressions FH#II D




Fractions (4%%)

0% where a,b € IR

(Readmg ‘a over b”. 1/3-o0ne third.
%—> “a quarter”, or “one fourth” or “one over four”...)

* ais called the numerator (4%)
b is called the denominator (% &)

e Very often, a,b € Z. Then, we define the:
Rational numbers&(?ﬁﬁ%ﬂ)

(@:{E:a,bEZ, b:FO}

Ex: —% € Q, but v2,v3,m ¢ Q (Irrational numbers: FEIE%1)

2015/4/13 12



Operations on fractions (5 #0;EE)

a b a+b
1. - + P (c = 0) ( addition)
( D #0)
a ¢ _ ad+bc 1,1 _ 2. 1_3 1
2. Z+E— a (b,d # 0) EX.3+6—6+6—6—2
(Reduction to the same denominator. ;@59 3)
(Reading: “a over b, plus c over d”)
a b ab
3. ZX=-=—, (c,d#0) Ex:Sx2=1
C d cd . " . 4}; 3 2
(Reading: “a over c times b over d”)
a C a d ad
4. =/ ===X==— (bcd#0) Ex: 2 =332 2
b d b C bc 2/3 4 2 8

(division of fractions is multiplication by the inverse)

(S THOEVEZZOEROBHI-LIETHD)



Modulus (absolute value #xt&)

* a € R, the absolute value of a (or modulus) is:

e |la| = «[a if a = 0 (positive, IE%)
—a if a < 0 (negative, &%)

* Ex: |—\/§| = —(—\/7) = /2 (Reading: Absolute value of minus square
root of 2 is equal to square root of 2)

+ (dot) means
multiplication

* Foranyx,y €R, |x-y| =|x]| |yl
* x| =1]-x (Ex: [-3]=[3]=3)
e |x+vy| <|x|+ ]|yl (Triangleinequality, ZALFZF)

(Ex: |—3 - 4| = |-3||4| = 12)

 Distance (FEE#) between 2 points a,b € R: |a — b]
Ex: distance from point 3 to point-1is [3 —(—1)| =4
-1 0O 1 3




Inequality equation (& =)

e Given a formula f(x) depending on an unknown x.
Find the values of x that satisfy f(x) = 0 (or > 0)

3x—1
e EX:

‘ > 72 (Reading: “Absolute value of 3x-1 over 4
greater or equal than 2”)

* Rules for solving inequalities: (y,z - unknowns, a € R)
1 lyl<ae —a<y<a
2. |y|>a<:>y>a or y<—a

(Ex: == 20r~— < —2)

3. y>z > (ay>az if a>0) and(ay <az if a<0)
(Ex: 3x —1 =8 or 3x —1< —8)

4 y>z=>(at+ty>a+ :
(Ex:3x =9 or3x < —7=|x >3 orxS—gi

2015/4/13
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Exercise

* Find the solution set of the inequality equation:
lx — 4| > 1



Expansion and factorization (BEi& 5 f2)

1. (a+b)(c+d)=ac+ad+ bc+ bd

Expansion

Factorization

2. (a+Db)? = (a* =+ 2ab + b?) (How much is 1012 ?)
3 a’*—b*=(a—->b)(a+Db)
4. a®> — b3 =(a—>b)(a?+ ab + b?)

* Exercise: Factorize a™ — b

2015/4/13 17



Binomial expansion (ZIEFE)

* Binomial ? polynomial with two terms: x + a.
e How to expand (x + a)?, (x + a)3, ..., (x + &)™

(X+ a)o Al Can you see a pattern?
1
(X + a) = Xk a Can you make a guess what
2 5 5 the next one would be?
(x+a) 5 x|+ 2ax+a
3
(x+a)” o x’f+3ax® +3a*x+a’
4 .
(x+a) 5 x*H4dax’ +6a’x’ +4a’x+a’
5
(x+a) fx°__ax*+__a’*+__a’x’+__a'x{a’

* Asimple pattern for the x's and a’s coefficient. What about
the other coefficients ?

2015/4/13 18



Binomial expansion (I1)

(x+ a)5 = 1Ix°>+5ax* +10a%x® +10a’x* +5a*x +1a°

Ct
(x+a)0:1 L L)
(x+a)1=1x+1a Zaladel,
(x+a)2 1x* + 2ax+1a TIEAERTS
(x+a )3 1x° +3ax’ +3a°x +1a°
(x+a) =1x* +4ax® +6a°X% +4a°x+1a" o o oo

2015/4/13 19



Line

Binomial expansion (1)

e Pascal’s triangle(/ SR AL =)

5X4X3X2

Ex: 10 =5 = 2X3%2 \@

o B~ W N = O

Column 0 1 2 3 4 5

. The'term in column k and line n in Pascal’s triangle is given by:
n. . 7 s 11
= CF (where n!isread “n factorial” n B5% ,

k!(n—k)!
nl=nxXxn—-1x---xX2)

B (X + a)" = x" + naxn_l + .o+ Cllkaan—k 4 .o
na™ x + a®



Exercise:
e Expand (x + 1)°

» Coefficient of c3d” in the expansion of (¢ + d)!°



(Real) n-th root (surds &%&1E)

Definition: Let a € R. A real n-th root of a (if it exists) is a
number r € R such that ™ = a.

* It doesn’t always existif a < 0 (Ex: —1 has no 2-nd real
root ).

tla < 0%G6IE, BT LEn-FIENFET DEENELLLY,
 Ex: 2 and -2 are square roots of 4.

V2 and —V/2 are 2-nd roots of 2.

2 and -2 are 4-th root of 16. V16 =

N

e Exercise: Is there a 3-rd real root of —8 ?

Definition: If a > 0, there is always a n-th root 7, and only
one satisfying: 7 > 0. It is denoted %/a or a /~.

tla > 0725 (E. E—Dn-FiRr > 0OBVNFET 5,



Operations with n-th roots

1. Yax b ="4Yab Ex: V18 = VI x 2 = 3v2

n
a nla 3/6
n_x/b =" EX: 72 iE = V2 (= 1.26)

3 bVatcVa=(bxtc)Va  ex3v1i0-2v/10 = V10

2.

* Note: In a fraction with square roots, it is better
that in the denominator, no square root appear:
a  ab-+vc)  alb—+c)
b+yc (b+yo)(b—+e)  b2-—c

Square root in the i L No square root in the

denominator: NG denominator: better




Exercise

* Remove the square roots in the denominator:
5

V7 ++/5




Quadratic equations (ZXAFERK)

cax’*+bx+c=0 x - unknown,
a, b, c — (real) coefficients (EHDFH%K)

* The plot of the curve (Bi#8) v = ax? + bx + ¢ in
the (x, y)-plane is called a parabola and there are
three cases: /

A A A
y Y
b b X

“K\‘//f? —> \vg

2 distinct roots 1 (multiple) root No (real) root
(FHEGDHIEMN S5 TF=D) (ERHLVED) EiR4L

2015/4/13 25




y =ax*+bx+c

y A yn y A
\ x x

v =

\Kg\—//fg > A v

2 distinct roots 1 (multiple) root No (real) root
A>0 A=20 A<O

A = b? — 4ac (discriminant 33 =)
If A > 0, then VA exists and:

ax’+bx+c= a(x—b_\/z)(x—bﬂ/z)
2a 2a

therefore - -

ax2+bx+c=0<:>a(x—b_ A)(x—b+ A) =0

2a 2a

b—VA 1 b+VA
Lo X = or X =
2a 2a

1 (both are equal if A = 0)

2015/4/13
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y — axz —I— bx —I— C. No (real) root

A<O

. IfA < 0, we cannot take\/_so

v

ax?® + bx + ¢ has no solution in R.
ADFEFRZENLGLM=0H. REDEIZLY

e Introduce the complex numbers.

C={a+if|a B ER, i*=—-1} ERHZH)

e If A <0, then —A = i*A > 0, and:
ax2+bx+c=0<:>a(x—b_l\/__A)(x—bJrh/__A

2a

2a

* Example: x? +x+1= sadeltaA = -3

0 ha
Thus A = 3i2 and VA = \/_
Its complex roots are x 1 =—1/2+iV3/2

andx, = —1/2 —iv3/2.

2015/4/13
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Exercise

1. Factorize the polynomial: x? + x — 6

2. Find the roots of the polynomial:
x*+3x+1

3. Find the roots of the polynomial
x?—x+1



Summation (#4%0)

100

. |

|
* 142434497 + 98499

100

k=1
100
l [ \ \
.-+ 48 + 49 +G0)+ 51 4+ 52 -

Arithmetic
n : ’
nx(m+1) progression’s

Zk=1+2+---+n= > summation

=1 FEHI DO

2015/4/13 29



Arithmetic series (Il)
* Ex:(35)t 40 + 45 + -+ + 90 + 95 100

100+95+90 +---+ 45+ 40 + 35

135+ 135+ 135+ -+ 135+ 135+ 135

* Moreover

35+40+---+95+100=235+5k

* Therefore

13

First term

Last term

Number of terms

2xz35+5k_(35+100)x14_135><14

k=0
* More generally:

Firstterm: k = 0

n

Lastterm: k =n

/

@o + ((ao + ndj)(n +1)

a0+dk:

2015/4/13 =0
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Exercise

* Write the following sum
S=17+4+20+23+---+77 4+ 80

as follows (find n and d)
k=n
S = z 17 + dk
k=0

* Compute the sum S



Geometric series (ZL%51)

e Remark: (¢g+1)(g—1)=¢qg*—-1

(@*+a+D@-D=a;+9"+q-q"—q-1
q —_—

(¢ +q° +q+1)(q-1)
=q*+q*+q*+q+1-¢°—q*—q-1=q"-1

* More generally:
@"+q" 7+ tqt+(@-1D) =q"" -1

* Therefore, if g # 1 |
Geometric
, . g"tl —1 progression’s
1+q+q°+--+q" = g—1 summation
FLHEESI DR




Homework (Hand in next time pliz)

1. Expand (x — 1)*
2. What is the coefficient of x in the expansion of
(1+x)13?

2

3. Simplify % and 3

4. Findtherootsof x*? +4x +2and x* +x + 3
5. Compute the sum

k=20

S=zz’<
k=10



