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Sylvester matrix

A(x) = amx
m + am−1x

m−1 + · · · + a1x+ a0, am ̸= 0, m ≥ 1

B(x) = bnx
n + bn−1x

n−1 + · · · + b1x+ b0, bn ̸= 0, n ≥ 1.

.

.

..am ..· · · ..a1 ..a0 .. . . ..

. ..am . . ..a0

. . . . ..am ..· · · ..· · · ..a0

..bn ..bn−1 ..· · · ..· · · ..b1 ..b0

.. .. ..bn ..· · · ..· · · ..· · · ..· · · ..b0

.

0

B

B

B

B

B

B

B

B

B

B

B

@

.

1

C

C

C

C

C

C

C

C

C

C

C

A

.Syl(A, B) = .
(n + m) lines

(n + m) columns

.m − 1

.n − 1

.n − 1

Definition 1 The resultant of A and B is the determinant of the Sylvester
matrix of A and B: Res(A,B) = det Syl(A,B) .
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Sylvester matrix as a linear map

Let A and B in R[X] as in the previous slide.

F = Frac(R), field of fractions of R (R = Z ⇒ F = Q, R = k[X] ⇒ F = k(X)).

R[X]<ℓ → poly. of degree strictly smaller than ℓ.

Let ψ : R[X]<n × R[X]<m → R[X]<n+m

(f , g) 7→ Af +Bg

.

B =
n
S

i=1

{(Xn−i, 0)}
m
S

j=1

{(0, Xm−j)} = {(Xn−1, 0), . . . , (1, 0), (0, Xm−1) . . . , (0, 1)}

B → canonical basis of the R-module a R[X]<n × R[X]<m.

B′ → (Xn+m−1, . . . , X, 1) canonical basis of R[X]<n+m.

Claim: The matrix of the linear map ψ written in the bases B and B′ is the

transposeb of the Sylvester matrix of A and B. MatB,B′(ψ) = tSyl(A,B)

aor F -vector space F [X]<n × F [X]<m, if the reader is not familiar with modules
bsome authors do not take the transpose to define the Sylvester matrix
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Sylvester matrix and GCD

.

.

....⋆ .

.. ..⋆ .

.. . ..⋆ .

.. . .. ..⋆ ..· · ·

...0 .

.

0

B

B

@

.

1

C

C

A

.d

.

Row

echelon

form:

.

d=number of zero lines, ⇒ d = dimker(matrix).

Either ⋆ ̸= 0, or ⋆ = 0 and the first non-zero element of this line

is on the right of the the first non-zero element of the above lines.

Gaussian elimination (without “pivot”): Every matrix over a field admits an
equivalenta matrix in row echelon form.

Lemma 1 The vector on the last non-zero line of the row echelon form of the
Sylvester matrix of A and B corresponds to a gcd of A and B (in F [X])

Example: A = 1x4−1x3−7x2 + 2x+ 3 and B = 1x3 − 4x2 + 2x+ 3.

.

.

..1 ..−1 ..−7 ..2 ..3 ..0 ..0

..0 ..1 ..−1 ..−7 ..2 ..3 ..0

..0 ..0 ..1 ..−1 ..−7 ..2 ..3

..1 ..−4 ..2 ..3 ..0 ..0 ..0

..0 ..1 ..−4 ..2 ..3 ..0 ..0

..0 ..0 ..1 ..−4 ..2 ..3 ..0

..0 ..0 ..0 ..1 ..−4 ..2 ..3

.

0

B

B

B

B

B

B

B

B

B

B

B

@

.

1

C

C

C

C

C

C

C

C

C

C

C

A

.Gaussian elimination

.

..1 ..−1 ..−7 ..2 ..3 ..0 ..0

..0 ..1 ..−1 ..−7 ..2 ..3 ..0

..0 ..0 ..1 ..−1 ..−7 ..2 ..3

..0 ..0 ..0 ..−14 ..45 ..−3 ..−18

..0 ..0 ..0 ..0 ..− 5
7 ..127 ..97

..0 ..0 ..0 ..0 ..0 .. 110 ..− 3
10

..0 ..0 ..0 ..0 ..0 ..0 ..0

.

0

B

B

B

B

B

B

B

B

B

B

B

B

B

@

.

1

C

C

C

C

C

C

C

C

C

C

C

C

C

A

.
The last non-zero

line gives a gcdof

A and B.

gcd(A, B) = x
10

−
3
10

.

arepresent the same linear application in different bases
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Sylvester matrix and GCD

Proof:Since GCDs are defined with coefficients in a field, and Gaussian
elimination is done over a field we can work over F = Frac(R).

The last non-zero line has for coordinate the coefficients of a polynomial of
minimal degree in the image of the map ψ. By definition (Cf. Lecture I),

h is s gcd of A and B ⇔ ⟨A,B⟩ = ⟨h⟩ in F [X]
⇔ h is of minimal degree among polynomials in ⟨A,B⟩

Finally, by the Bézout identity, a gcd of A and B is always in
Image(ψ) ⊂ ⟨A,B⟩ that permits to conclude the proof of Lemma 1. 2

Corollary 1 Let A and B be two polynomials in F [X] (F a field). Then A

and B have a (non-trivial) common factor iff Res(A,B) = 0.

Proof: A and B have a common factor ⇔ deg gcd(A,B) > 0
⇔ dimker(Syl(A,B)) > 0
⇔ Res(A,B) = det(Syl(A,B)) = 0. 2
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Specialization of the resultant

Map of rings: Let R1 and R2 be 2 integral domains, and let ϕ : R1 → R2 be
a ring morphism.

This map extends to ϕ : R1[X] → R2[X]:
∀i, ai ∈ R1, ϕ

(∑
i aiX

i
)

=
∑

i ϕ(ai)Xi ∈ R2[X].
And more generally to a map ϕ : R1[X1, . . . , Xn] → R2[X1, . . . , Xn], or to a
map ϕ : Matn×m(R1) → Matn×m(R2).

Example: ϕp : Z[X] → Fp[X] or for a prime p, or ϕa : k[X,Y ] → k[Y ],
P (X,Y ) 7→ P (a, Y ), for a ∈ k̄.

Proposition 1 Let f, g ∈ R1[X] and let ϕ : R1 → R2 a ring morphism.

• If ϕ(lc(f))ϕ(lc(g)) ̸= 0, then ϕ(Res(f, g)) = Res(ϕ(f), ϕ(g)).

• If ϕ(lc(f)) ̸= 0, then ϕ(Res(f, g)) = ϕ(lc(f))deg(g)−deg(ϕ(g))Res(ϕ(f), ϕ(g)).
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Proof:(of Prop. 1) In the first case, we have deg(f) = deg(ϕ(f)), and
deg(g) = deg(ϕ(g)), hence Syl(f, g) ∈ Mat(R1) and
Syl(ϕ(f), ϕ(g)) ∈ Mat(R2) have same size, namely deg(f) + deg(g).

It follows that ϕ (Syl(f, g)) = Syl(ϕ(f), ϕ(g)). The determinant is defined by
+ and × operations only, hence ϕ(det(Syl(f, g))) = det(ϕ(Syl(f, g))) , which
is equal to det(Syl(ϕ(f), ϕ(g))) = Res(ϕ(f), ϕ(g)) as just seen.

In the second case, maybe ϕ(lc(g)) = 0. This implies deg(ϕ(g)) < deg(g),
and Syl(ϕ(f), ϕ(g)) is a smaller matrix than ϕ(Syl(f, g)).

Let f = fmX
m + · · · and g = gnX

n + · · · .

We denote ϕ(a) = ā ∈ R2, for a ∈ R1.

Let n′ = deg(ḡ), (n′ < n in this case), so that:

ϕ(g) = ḡn′Xn′
+ · · · and ϕ(f) = f̄mX

m + · · · .

The image by ϕ of the Sylvester matrix of f and g is written hereunder.
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.

.

..̄fm ..· · · ..· · · ..· · · ..̄f1 ..̄f0 .. . ...

. . ..̄fm ..· · · ..· · · ..· · · ..· · · ..̄f0

.. ..̄gn′ ..· · · ..̄g1 ..̄g0

.. . . . ..̄gn′ ..· · · ..· · · ..̄g0

.

0

B

B

B

B

B

B

B

@

.

1

C

C

C

C

C

C

C

A

.ϕ(Syl(f, g)) =

.n − n′ + m − 1

.n − 1

.n − n′

We compute the determinant along the first column:

.

.

..̄fm ..· · · ..· · · ..· · · ..̄f1 ..̄f0 .. ....

. . ..̄fm ..· · · ..· · · ..· · · ..· · · ..̄f0

.. ..̄gn′ ..· · · ..̄g1 ..̄g0

.. . . . ..̄gn′ ..· · · ..· · · ..̄g0

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.ϕ(Res(f, g)) = f̄m

.n − n′ + m − 2

.n − 2

.n − n′ − 1
.= f̄2

m

˛

˛

. . .
˛

˛ = f̄n−n′
m

.

..̄fm ..· · · ..· · · ..̄f1 ..̄f0 .. . ...

. . .. . ..· · · ..· · · ..· · ·..

..̄gn′ ..· · · ..̄g1 ..̄g0

.. . . ..̄gn′ ..· · · ..· · · ..̄g0

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.m − 1

.n′ − 1

This last matrix is equal to Syl(ϕ(f), ϕ(g)). This shows that

ϕ(Res(f, g)) = f̄n−n′

m Res(ϕ(f), ϕ(g)).

We conclude by seeing that f̄m = ϕ(lc(f)), and n− n′ = deg(g)− deg(ϕ(g)).2
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Main Theorem

Let A, a1, . . . , am and B, b1, . . . , bn be n+m+ 2 indeterminates.

And let R = Z[A, a1, . . . , am,B, b1, . . . , bn] be the polynomial ring in these
n+m+ 2 indeterminates.

Theorem 1 Let A and B be polynomials in R[X]:

A = A(X − a1)(X − a2) · · · (X − am)

B = B(X − b1)(X − b2) · · · (X − bn),

with a and b the leading coefficients in R. Then:

Res(A,B)
(1)
= AnBm

∏
1≤i≤m
1≤j≤n

(ai − bj)
(2)
= (−1)mnBm

∏
1≤j≤n

A(bj)

(3)
= An

∏
1≤i≤m

B(ai)
(4)
= (−1)mnRes(B,A).
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Corollary 2 Let pA(X) and pB(X) be two polynomials in R0[X], that are
completely factorized in R: pA(X) = a(Xm − α1) · · · (X − αm) and
pB(X) = b(X − β1) · · · (X − βn) with a and b the leading coefficients in R0

as well. Then:
Res(pA, pB) = anbm

∏
i,j

(αi − βj) (1)

Proof:We consider the ring morphism defined by:

φ : Z[A, a, a1, . . . , am,B, b1, . . . , bn] −→ R0

A or B or ai or bj 7−→ a or b or αi or βj .

We notice that φ(A) = pA and φ(B) = pB . By Theorem 1, we have:

φ (Res(A,B)) = φ
(
AnBm

∏
i,j

(ai − bj)
)

= anbm
∏

i,j
(αi − βj).

Since 0 ̸= a = lc(pA) = lc(φ(A)) and 0 ̸= b = lc(pB) = lc(φ(B)), we are in the
first (“good”) case of the specialization property of the resultant, and it
follows that φ(Res(A, B)) = Res(φ(A), φ(B)) . 2
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Proof of the main theorem (1/4)

First, let us prove that the 4 equalities are equivalent.
(1)⇔(2)

•
∏

j A(bj) =
∏

j A
∏

i(bj − ai) = (−1)mnAn
∏

i,j(ai − bj)

(1)⇔(3)
• Similar calculations as above.

(1)⇔(4)
• Res(B,A)

by (1)
= BmAn

∏
j,i(bj − ai) = (−1)mnAnBm

∏
i,j(ai − bj) =

(−1)mnRes(A,B).

Hence, we only need to prove Equality (1). Next we can assume A = B = 1.
Indeed, if A = AÃ and B = BB̃ (Ã and B̃ are monic), then:

for 1 ≤ i ≤ n i-th line of Syl(A,B) = A× (i-th line of Syl(Ã, B̃))
for 1 ≤ j ≤ m j-th line of Syl(A,B) = B× (j-th line of Syl(Ã, B̃))

Since the determinant is multilinear with respect to the lines, it comes:
Res(A,B) = AnBmRes(Ã, B̃). Regarding the equality (1) we only need to
prove Res(A,B) =

∏
i,j(ai − bj) , where A and B are monic :A = B = 1
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Proof of the main theorem (2/4)

Hence, we write A = (X − a1) · · · (X − am) and B = (X − b1) · · · (X − bn).

Lemma 2 The resultant Res(A,B) is a polynomial in
Z[a1, . . . , an, b1, . . . , bm].

Proof:We have A = Xm +
Pm

i=1(−1)isi,m(a1, . . . , am)Xm−i, where si,m is the
i-th elementary symmetric polynomials in m variables.

si,m(a1, . . . , am) =
X

1≤ℓ1<ℓ2<···<ℓi≤m

aℓ1aℓ2 · · · aℓi . (6)

Similarly, B = Xn +
Pn

j=1(−1)jsj,n(b1, . . . , bn)Xn−j .

Note that by Equation (6), si,m and si,n are in Z[a1, . . . , am, b1, . . . , bn].

Hence the matrix Syl(A,B) has its entries in Z[a1, . . . , am, b1, . . . , bn]. Now
since the determinant is a polynomial of Z[(n+m)2 entries of the matrix], it
follows that Res(A,B) ∈ Z[a1, . . . , am, b1, . . . , bn]. 2
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Proof of the main theorem (3/4)

Lemma 3 In the polynomial ring Z[a1, . . . , am, b1, . . . , bn], holds:∏
i,j

(ai − bj) |Res(A,B).

Proof:Let r(a1, . . . , am, b1, . . . , bn) ∈ Z[a1, . . . , am, b1, . . . , bn] be a
shorthand notation to denote the resultant: Res(A,B) = r.

For each 1 ≤ i ≤ m, let Ri = Z[a1, . . . , ai−1, ai+1, . . . , am, b1, . . . , bn] , and
pi ∈ Ri[ai] be the univariate polynomial in ai so that pi(ai) = r.

Suppose that for some i, j, ai = bj . Then X − ai = X − bj is a common
factor of A and B and by Corollary 1, Res(A,B)|ai=bj = 0. This means:

r(a1, . . . , bj , . . . , am, b1, . . . , bn) = pi(bj) = 0,

in Ri and ai − bj |pi(ai) in Ri[ai] = Z[a1, . . . , am, b1, . . . , bn].
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The i, j were arbitrarily chosen, so for each i, j,
ai − bj |pi(ai) = r = Res(A,B) in Ri[ai] = Z[a1, . . . , bn], and hence∏

i,j ai − bj |Res(A,B), as required. 2

Let s(a1, . . . , am, b1, . . . , bn) :=
∏

i,j(ai − bj) (as polynomials in Z[a1, . . . , bn]).

The previous Lemma shows that r
s ∈ Z[a1, . . . , bn]. The next Lemma shows

that actually r
s ∈ Z.

Lemma 4 For 1 ≤ i ≤ m, holds degai
(s) = degai

(r), and for 1 ≤ j ≤ n,
holds degbj

(s) = degbj
(r).

Proof:Let a = a1, . . . , am and b = b1, . . . , bn. By Equation (6), we have:
degai

(si,m(a)) = 1 for 1 ≤ i ≤ m, and degbj
(sj,n(b)) = 1 for 1 ≤ j ≤ n.

Denote Syli,j be at the i-th line and j-th column of Syl(A,B).

Res(A, B) =
P

σ∈S n+m

(−1)ϵ(σ)
Y

1≤i≤n

Syli,σ(i)

| {z }

n first lines

Y

n+1≤j≤m+n

Sylj,σ(j)

| {z }

m last lines

(7)

Now if we look at the Sylvester matrix, we see that:
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.

.

..1 ..−s1,m(a) . . ..(−1)msm,m(a). . .

. . . . ..1 . . ..(−1)msm,m(a)

..1 ..−s1,n(b) . . . . ..(−1)nsn,n(b)

. . . ..1 . . . ..(−1)nsn,n(b)

.

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

.

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

.Syl(A, B) =

Either Syli,j = 0 or 1 or degau
(Syli,j) = 1 ∀1 ≤ u ≤ m or

degbv
(Syli,j) = 1 ∀1 ≤ v ≤ n.

Hence for each permutation σ ∈ Sn+m such that∏
1≤i≤n Syli,σ(i)

∏
m+1≤j≤m+n Sylj,σ(j) ̸= 0, we have:

∀1 ≤ i ≤ m, dega i

0

@

Y

1≤i≤n

Syli,σ(i)

Y

m+1≤j≤m+n

Sylj,σ(j)

1

A ≤ n

∀1 ≤ j ≤ n, degbj

0

@

Y

1≤i≤n

Syli,σ(i)

Y

m+1≤j≤m+n

Sylj,σ(j)

1

A ≤ m
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It follows that degai
(Res(A,B))≤n and degbj

(Res(A,B))≤m. But by
definition, degai

(s) = n and degbj
(s) = m, and since s|r, the ≤ are actually

“=”, and the lemma follows. 2

Let us write r = C0s, C0 ∈ Z. We must show that C0 = 1 to conclude the
proof of Theorem 1.

Let us put b1 = · · · = bm = 0. We get: s(a1, . . . , am, 0, . . .) = (
Q

i ai)
n and

r(a1, . . . , am, 0, . . .)
(⋆)
= C0(

Q

i ai)
n. The Sylvester matrix can be rewritten as

follows (where A = Xm + am−1X
m−1 + · · · + A1X + a0), and we compute the

determinant along the last line. Only one coefficient is not zero, hence:

.

.

..1 ..⋆ ..· · · ..a1 ..a0 . . .

. ..1 ..⋆ ..· · · ..a1 ..a0 . .

. . . ..· · · ..· · · . . .

. . ..1 ..⋆ ..· · · ..a1 ..a0

..1 ..0 ..· · · ..· · · . . . .

. ..1 ..0 ..· · · ..· · · . . .

. . . ..· · · ..· · · . .

.. . . ..1 ..0 ..· · · ..

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.m-th column

.= (−1)2m+n

.∥
.(−1)n

.

..1 ..⋆ ..· · · ..a2 ..a0 . . .

. ..1 ..· · · ..a3 ..a1 ..a0 . .

. . . ..· · · ..· · · . . .

. . ..1 ..⋆ ..· · · ..a1 ..a0

..1 ..0 ..· · · ..· · · . . . .

. . . ..· · · ..· · · . .

.. . . ..1 ..0 ..· · · ..

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.(m − 1)-th column

.= (−1)n (−1)2(m−1)+n . . .

.∥
.(−1)2n
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.

.

..1 ..⋆ ..· · · ..a3 ..a0 . . .

. ..1 ..· · · ..a4 ..a1 ..a0 . .

. . . ..· · · . ..· · · . ..· · ·

. . ..1 ..⋆ ..· · · ..a1 ..a0

..1 ..0 ..· · · ..· · · . . . .

. . . ..· · · ..· · · . .

.. . . ..1 ..0 ..· · · ..

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.(m − 2)-th column

.= (−1)2n (−1)2(m−2)+n

.∥
.(−1)3n

.

..1 ..⋆ ..· · · ..a4 ..a0 . . .

. ..1 ..· · · ..a5 ..a1 ..a0 . .

. . . ..· · · . ..· · · . ..· · ·

. . ..1 ..⋆ ..· · · ..a1 ..a0

..1 ..0 ..· · · ..· · · . . . .

. . . ..· · · ..· · · . .

.. . . ..1 ..0 ..· · · ..

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.=

.(m − 3)-th column

..= (−1)3n(−1)2(m−3)+n

.∥
.(−1)4n .

. ..· · · .

. ..
. . . .
. . ..· · ·

.

˛

˛

˛

˛

˛

˛

˛

.

˛

˛

˛

˛

˛

˛

˛

.= · · · · · · = (−1)(m−1)n

.

..1 ..a0 . .

..0 ..a1 ..a0 . .

. ..· · · ..· · · . . .

..0 ..an−1 ..an−2 ..· · · ..a1 ..a0

..1 ..0 ..· · · . ..0

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

..= (−1)(m−1)n(−1)n

.

..a0 . . .

..a1 ..a0 . .

..
..
. . ..

. . . . .
..an−1 ..· · · ..a1 ..a0

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

.

˛

˛

˛

˛

˛

˛

˛

˛

˛

.= (−1)nman
0 .

Finally, r(a1, . . . , am, 0, . . .) = (−1)mnan
0 , where a0 = (−1)msm,m(a) = (−1)m Q

i ai.

So r(a1, . . . , am, 0, . . .) = (−1)mn(−1)mn(
∏

i ai)n = (
∏

i ai)n (⋆)⇒ C0 = 1 . 2
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